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The small slope approximation is a commonly-used model for scattering of waves from rough
surfaces. Its limitations are currently unknown for a power-law roughness spectral den-
sity, used to model natural terrain and seafloor roughness. This work compares the small
slope approximation to the boundary element method, a numerical solution of the Helmholtz
boundary integral equations governing acoustic scattering. These comparisons were used to
find the validity limits as a function of dimensionless root mean square height, kh, and root
mean square slope, s, where k is the wavenumber. The two lowest terms in the small slope
series were used, and both the Dirichlet and fluid-fluid boundary conditions were examined.
Both kh and s are found to be important parameters for the validity of the small slope ap-
proximation. Different spectral exponents have similar maximum valid kh. The maximum s
is almost constant as a function of the power law outer scale, but varies as a function of the
spectral exponent. Comparisons with other scattering models are discussed, and aspects of
scattering from very large roughness are explored.
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I. INTRODUCTION

Acoustic scattering from the seafloor is a major
source of interference for undersea detection systems1–3.
It also contains a rich set of information regarding the
composition and roughness properties of the seafloor,
meaning that it can be used for remote sensing4,5.
Both target detection performance prediction and re-
mote sensing require accurate models relating observable
acoustic quantities to seafloor geoacoustic and roughness
properties2,4. One of the most common acoustic observ-
ables is the scattering cross-section per unit area per unit
solid angle of the seafloor6, which will be described as the
“scattering cross-section” in this work.

There are three widely-used models for scattering
from natural roughness: small-roughness perturbation
theory (PT)7–10, the Kirchhoff approximation (KA)11–13

(also known as the tangent plane approximation), and
the small-slope approximation (SSA)14–17. The compos-
ite roughness approximation has also been used for re-
mote sensing4,12,18, but its use has largely been super-
seded by the SSA61920. PT is commonly understood to
be accurate for small grazing angles, and the KA to be ac-
curate for large backscattering grazing angles6,10,21(more
generally, near the specular direction). These models, in-
cluding the SSA, have also been used extensively in the
problem of electromagnetic wave scattering and emission
from the ocean surface22–31, and natural terrain32.
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The SSA is the current state of the art for seafloor
scattering models given its applicability at both small
and large grazing angles14,16,17,19,33, but its validity in
general has not been widely studied. Determination of
the limits of validity of scattering models has been an
active area of research since the 1980s. Previous work by
Thorsos21 has studied the validity of the KA for a Gaus-
sian roughness spectrum, PT for Gaussian roughness10,
and both PT and KA for Pierson-Moskowitz ocean sur-
face roughness34. Later work by Broschat and Thorsos35

investigated the validity of the SSA for Gaussian rough-
ness. Wang and Broschat studied the validity of the
SSA using a Pierson-Moskowitz spectrum36. All of these
works used Dirichlet boundary conditions with 1-D rough
interfaces in a 2-D wave propagation medium, and stud-
ied bistatic geometry for a few incident angles. The
Gaussian roughness spectrum model has a single hori-
zontal scale, the characteristic or correlation length, LG,
whereas the Pierson-Moskowitz spectrum is multiscale at
large wave-numbers (behaving like a power law with ex-
ponent of three for one-dimensional (1D) roughness), and
contains a peak at non-zero horizontal wave-number, Kp.

Seafloor and natural terrain tend to have power law
roughness spectra over a wide variety of spatial scales,
and have a power-law exponent between 1 and 3 for
measured 1D roughness profiles37–39. To date, there
has been no numerical study to determine the roughness
properties and angles for which the SSA is accurate for
power-law surfaces (other than the Pierson-Moskowitz
spectrum36), and no work for the fluid-fluid (also known
as transmission40) boundary conditions. Prior work used
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bistatic geometry, but many of the remote sensing sys-
tems currently in use, such as multibeam sonar, sidescan
sonar, synthetic aperture sonar, and radar scatterome-
ters, use a monostatic, or backscattering, geometry.

This work performs an examination of the validity
of the SSA using backscattering geometry for power-law
spectra by comparing the two lowest-order terms of the
SSA T-matrix with the results of the numerical solution
of the Helmholtz-Kirchhoff integral equation (IE). The
lowest-order SSA is most commonly used for modeling
seafloor scattering19,33,41–44, but the next higher term
also has potential for use in remote sensing for rougher
surfaces or higher frequencies and is studied here as well.
A 1D rough surface is employed here. While unreal-
istic, the 1D model enables the large number of sim-
ulations required to be run with modest resource use
on a high performance computing system, whereas two-
dimentional roughness would be prohibitive without fast
approximations, such as the fast multipole method45,46.
Both Dirichlet and fluid-fluid boundary conditions are
studied in this work. Two sets of fluid parameters are
used, one approximating a sand seafloor, and another ap-
proximating mud, to provide situations with and without
a critical angle. A small number of comparison between
the SSA and the PT and KA are given to show situations
in which they agree with the SSA.

This work is organized as follows. A description of
the environment is given in Sec. II. An overview of the
small slope approximation and numerical methods are
given in Sec. III. The parameters of the numerical exper-
iments and the validity criterion are detailed in Sec IV.
Results are given in Sec. V, and discussed in Sec. VI.
Conclusions are given in Sec. VII.

II. ENVIRONMENT

The acoustic environment consists of two half spaces
separated by a rough boundary. Although sub-bottom
structure is often present in seafloor and has an impact on
the scattering cross-section47–52, attention is restricted in
this work to a single rough interface for simplicity. A di-
agram of the environment is shown in Fig. 1. The upper
half space has a sound speed c0 and density ρ0 and is
assumed to have no dissipation. The lower medium has
a phase speed c1 and density ρ1. Dissipation in the lower
medium is quantified by the ratio of the imaginary to
real part of the acoustic wave-number, δ1. The complex
sound speed is c̃1 = c1/(1 + iδ1), where i =

√
−1. Sound

speed and density are analyzed here in terms of the di-
mensionless ratios ac = c1/c0 and aρ = ρ1/ρ0. Dirichlet
boundary conditions can be obtained by taking the limit
as both of the dimensionless ratios tend to zero. The
acoustic wave-number in the water is k0 = ω/c0, and
k1 = ω/c̃1 is the wave-number in the lower half-space.
The shorthand k = k0 will be used in nondimensional
quantities such as kh and kL. The wavelength in water
is λ = 2π/k.

The rough surface is denoted by z = f(x). This ran-
dom process is characterized by its power spectral den-

sity, W (kx) as a function of horizontal wave-number kx.
The power spectrum is defined as

W (kx) = 1
2π

∫︂
dxBff (x)e−ikxx (1)

where

Bff (x) = E[f(x1)f(x + x1)] (2)

is the roughness autocovariance function, E[·] is the for-
mal expectation operator, and x1 is a dummy variable to
show that the rough interface is assumed to be wide-sense
statistically homogeneous (the spatial equivalent of wide-
sense stationary53,54). The Fourier transform of the f(x)
is denoted as F (kx), with the power spectrum defined in
terms of F by

W (kx)δ(kx − k′
x) = E [F (kx)F ∗(k′

x)] . (3)

The delta function is a consequence of the wide-sense ho-
mogeneous property and indicates that disparate wave-
numbers are statistically independent55.

The model used here for the power spectral density
is a truncated power law given by51

W (kx) = w

|kx|γ
(4)

for kL ≤ |kx| ≤ ku, and zero otherwise. In this model,
w is the spectral strength, and γ is the spectral expo-
nent. The wave-number lower limit is kL = 2π/L, where
L is the outer scale, and the upper limit is ku = 2π/ℓ
where ℓ is the inner scale. Limits are introduced because
a pure power-law model can have infinite rms height and
rms slope, and because an abrupt truncation is conve-
nient when dealing with discretized rough surfaces in the
numerical simulations.

With this form, the dimensionless mean square
height of this spectrum is51

(kh)2 = 2k3−γw

γ − 1

(︄(︃
2π

kL

)︃1−γ

−
(︃

2π

kℓ

)︃1−γ
)︄

, (5)

and the mean square slope is

s2 = 2k3−γw

3 − γ

(︄(︃
2π

kℓ

)︃3−γ

−
(︃

2π

kL

)︃3−γ
)︄

. (6)

Taking the limit of γ → 1, the dimensionless mean square
height is

lim
γ→1

(kh)2 = 2k2w ln
(︃

L

ℓ

)︃
. (7)

In the limit of γ → 3, the mean square slope is

lim
γ→3

s2 = 2k2w ln
(︃

L

ℓ

)︃
. (8)
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FIG. 1. A diagram depicting the scattering geometry. The
incident and scattered wave vectors are shown, along with the
definition of the incident and scattered grazing angles, surface
normal vector, and indication of the geoacoustic properties of
each medium.

The incident field in this work is an approximation
of a plane wave with wave vector k⃗i = (kix, kiz) =
(kix, −κiz) and direction

k̂i = k⃗i

k
= (cos(θ), − sin(θ)) , (9)

where θ is the backscattering grazing angle. The scat-
tered field is measured at a point in the far field, where
the field can be assumed to have a single direction,

k̂s = k⃗s

k0
= (− cos(θ), sin(θ)) (10)

where the same angular argument (with different signs
for the component) is used because backscattering geom-
etry is used in this work. The scattered wave vector is
defined as k⃗s = kk̂s = (ksx, ksz). The unit normal to the
surface is n̂ = (df/dx, −1)/

√︁
1 + (df/dx)2. The incident

and scattered wave vectors, rough surface, normal vector
and coordinate axes are shown in Fig. 1. Note that the
variables θi and θs are shown to distinguish the incident
and scattered wave vectors for illustration purposes.

The incident pressure used here follows a modified
Gaussian beam developed by Thorsos21 to mitigate the
effects of truncation of the rough interface. It is defined
as

pi(r) = p0eiki·r(1+w(r)−(x−z cot θi)2/g2) (11)

where

w(r) = 2 (x − z cot θi)2
/g2 − 1

(kg sin θi)2 , (12)

and the incident field is given units by the constant p0.

III. METHODS

A. The scattering cross-section and the T matrix

The acoustic quantity examined in this work is the
scattering cross-section per unit length per unit angle,

σ(ksx, kix). One method of calculating it uses the tran-
sition, or T-matrix, T , which is a complex-valued trans-
fer function between incoming and outgoing plane-wave
amplitudes6,10,14. The full (2×2) T-matrix for fluid-fluid
rough interface scattering characterizes the transfer func-
tion between incident plane waves from both above and
below a rough interface, and scattered plane waves above
and below the rough surface56. In this work, only the
T-matrix element for an incident wave from the upper
medium to a scattered wave in the upper medium is used,
and the symbol T is used to stand in for this scalar.

The scattering cross-section for 2D geometry is de-
fined as10,35

σ(ksx, kix) = k2
sz

k
C(ksx, kix) , (13)

where C(ksx, kix) is the second moment of the T-
matrix10,

C(ksx, kix)δ(kix − k′
ix) = E[TI(ksx, kix)T ∗

I (ksx, k′
ix)] ,

(14)

The incoherent T-matrix is TI = T − T̄ and the mean
T-matrix is

T̄ (ksx, kix) = E[T (ksx, kix)] . (15)

The T-matrix characterizes the relationship between the
incoming plane-wave spectrum, Ai(kx) and the scattered
plane-wave spectrum, As(kx). Mathematically, they are
related by

As(ksx) =
∫︂

dkxT (ksx, kx)Ai(kx) . (16)

The formal averages used above are smooth func-
tions. The numerical results from the integral equation
method (described below) use a finite ensemble of syn-
thetic rough surfaces, and therefore are subject to fluc-
tuations due to the finite ensemble. In order to compare
the numerical results to the SSA in the closest way pos-
sible, we compute the acoustic models using the same
rough surface realizations and calculate finite ensemble
means. This same method of comparison was used by
Wang and Broschat36 and Berman16. In the acoustic
models shown below, the rough surface will always be ex-
plicitly included either through f(x) or its wave-number
representation F (kx).

B. Acoustic Models

The SSA is a systematic expansion of the T-matrix
whose terms are characterized by increasing powers
of generalized slope57. The SSA as developed by
Voronovich14 starts with a form of the T-matrix that
correctly changes phase based on vertical and horizontal
translations of a rough surface. This form is

T (ksx, kix) = 1
2π

1
2ksz

∫︂
dxeiνxx−iνzf(x)Φ(ksx, kix, x, f(x))

(17)
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where Φ is function of incident and scattered horizontal
wave-number, position, and the rough interface height.
Additionally, νz = κiz + ksz, and νx = kix − ksx.
Voronovich suggested a series for Φ of the form

Φ(ksx, kix, x, f) =Φ0(ksx, kix)+∫︂
dk1xeik1xxF (k1x)Φ1(ksx, kix, k1x)

+ . . .

(18)

The new variables Φ0(ksx, kix) and Φ1(ksx, kix, k1x) are
independent of x and f(x) and therefore can be found by
expanding Eqs. (17) and (18) in a Taylor series in kf(x).
This expansion is then compared to the small roughness
perturbation series for T (given in the Appendix). The
first two terms of the resulting SSA series are

T SSA
0 = 1

2π

i

νz
A1(ksx, kix)

∫︂
dxeiνxx−iνzf(x) (19)

T SSA
1 = 1

2π

i

2νz

∫︂
dxeiνxx−iνzf(x)

×
∫︂

dk1xeik1xxF (k1x)
(︁
Ã2 + iνzA1

)︁ (20)

The parameters A1 and Ã2 are the coefficients of the
second and third terms in the perturbation series (whose
arguments are suppressed here for brevity), and the tilde
symbol indicates that it has been symmetrized (using the
same method as Berman16). For fluid-fluid boundary
conditions, formulae and the method of calculating A1
and Ã2 are given in the appendix. Note that the symbol
Aww used by Jackson6,43 is A1ksz/k2 in the notation of
this work.

For Dirichlet boundary conditions, these coefficients
have been presented in the existing literature and are
given by10,16,17

A
(D)
1 =2iκiz (21)

Ã
(D)
2 =2κizk (β0(kix + k1x) + β0(ksx − k1x)) (22)

where βα(kx) =
√︁

1 − k2
x/k2

α is the sine of the graz-
ing angle corresponding to horizontal wave-number kx

in medium α. The index α can take on values of either
0 or 1 in this work.

The scattering cross-section using only T SSA
0 is de-

noted SSA(2) because it is of second order in slope. Fol-
lowing Broschat and Thorsos35 and Yang and Broschat17,
we use SSA(4) to refer to the scattering cross-section us-
ing the sum of T SSA

0 and T SSA
1 . This term does not

include all terms of fourth order in slope because it ne-
glects the cross term T SSA

0 (T SSA
2 )∗.

The zeroth-order T matrix is calculated using the
rectangle rule to approximate the integral over x, which
is convenient for the discretized roughness realizations
used here. The first-order T-matrix is calculated using
an inverse fast Fourier transform for the integral over k1x,
and the rectangle rule for the integral over x.

The incident field used in the numerical simulations
is a tapered plane wave (discussed in Sec. III C). There-
fore, the approximate plane wave was also used to com-
pute the model results. This modification can be per-
formed by using plane wave synthesis, and appropriately
weighting the amplitude of each horizontal wave-number
component. Practically, we have found that an approxi-
mation by multiplying the x integrand in Eqs. (19) and
(20) by the factor exp(−x2/g2)21/2π1/4(g/ξ0)−1/2 pro-
vides excellent agreement with the plane-wave synthesis
method for the angles studied here. The constant ξ0 is a
unit quantity having dimensions of length. It is included
to keep the preserve the units of the T matrix when us-
ing the taper. Using this factor within the integrand is
equivalent to using an incident plane wave spectrum, Ai,
and making the substitution

E[TT ∗] → E[AsA∗
s]∫︁

d|Ai(kx)|2kx
(23)

C. Numerical Methods

This section details the numerical solution to the
Helmholtz integral equation58used as the reference so-
lution in this work. The integral equations can be cast
in terms of integral operators59,60, which are defined by

Vn(ϕ(r1)) =
∫︂
Γ

Gn(r1, r2)ϕ(r2)dS2 (24)

Kn(ϕ(r1)) =
∫︂
Γ

∂Gn(r1, r2)
∂n2

ϕ(r2)dS2 (25)

where the 2D Green function for medium n is

Gn(r1, r2) = i

4H
(1)
0 (kn|r2 − r1|). (26)

The differential arc length is dS and the subscript de-
notes which spatial variable of the Green function it cor-
responds to. In these definitions, r1 is a collocation point,
r2 is an integration dummy variable, and ϕ is a test func-
tion that is the argument of the integral operator. The
normal derivative ∂/∂nm is defined as n̂m ·∇m. These in-
tegral operators can be used to define integral equations
for Dirichlet and transmission problems.

The integral equation for Dirichlet boundary condi-
tions is21

V0
∂p(r1)

∂n1
= pi(r1) , (27)

where pi is the incident pressure. Transmission (or fluid-
fluid) boundary conditions are captured in the follow-
ing coupled integral equations specified on the rough
surface40,60(︃

1
2 I − K0

)︃
p(r1) + V0

∂p(r1)
∂n1

= pi(r1) (28)(︃
1
2 I + K1

)︃
p(r1) − aρV1

∂p(r1)
∂n1

= 0 , (29)
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where I is the identity operator. Once the solutions to
these integral equations are found, the quantities at the
surface can be used to calculate the scattered pressure,
ps at a far field point rf using

ps(rf ) = −V0
∂p(r1)

∂n1
, (30)

for Dirichlet boundary conditions, and

ps(rf ) = K0p(r1) − V0
∂p(r1)

∂n1
, (31)

for transmission boundary conditions.
The integral equations are discretized using the

boundary element method (BEM), which uses a finite
element approximation to the boundary integrals21,61.
Previous work has also used the finite element prob-
lem for discretizing the acoustic domain, rather than the
interface62. The integral operators were discretized us-
ing linear piece-wise functions to represent the acoustic
variables at the interface and a piece-wise cubic Her-
mite polynomial approximation63 to the rough inter-
face itself, similarly to Ref. 51. The coupled integral
equations in Eqs. (28) and (29) are solved by putting
each discretized integral operator into a block matrix,
and using LU factorization. Green’s functions in the
lower half space have complex wave-number, and the
Amos library64 was used to compute the Hankel func-
tions of complex argument. The integral equation was
implemented in the C programming language65, and the
zbessel library (https://github.com/jpcima/zbessel) was
used to translate between the Amos Fortran library and
C.

Using an ensemble of scattered pressures calculated
at a distance R from the center of the rough surface, we
can estimate the scattering cross-section using

σF = R

Leff

E[|ps − p̄s|2]
|p0|2

(32)

where p̄s = E[ps] is the ensemble mean of the scattered
pressure, Leff is the effective ensonified width of the ta-
pered plane wave, defined by60

Leff = g
√︁

π/2
(︃

1 − 1 + 2 cot2 θi

2(kg sin θi)2

)︃
. (33)

IV. NUMERICAL EXPERIMENTS AND VALIDITY CRI-
TERION

The simulations are analyzed using nondimensional
parameters that can be compared across different fre-
quencies. The two primary parameters that will be ex-
amined are kh and kL. These have different relationships
with each other depending on the value of the spectral
exponent, γ, as seen from Eqs. (5) and (6). Values of
γ examined were between 1 and 3 and sampled at an
interval of 0.5. The values of kL examined here are
2π{10, 25, 40, 55, 70, 85, 100, 150, 200}. The inner scale, ℓ
was set to λ/8. Values of w were chosen to span regions

of large and small kh and s. The upper and lower limits
are shown in Table I, and used 21 logarithmically-spaced
values in between. For each value of γ, the ratio between
the upper and lower limit of w was 104.

TABLE I. Values of the spectral strength, w shown as a func-
tion of the spectral exponent, γ. Value for γ is shown in
parentheses. The unit of w is m3−γ . Each value of w is used
for all the values of kL. Therefore, for each γ, 189 values of
h and s are tested.

w(1.0) w(1.5) w(2.0) w(2.5) w(3.0)

Upper Lim. 1.00e-05 1.00e-04 1.00e-03 1.00e-02 5.00e-01
Lower Lim. 1.00e-09 1.00e-08 1.00e-07 1.00e-06 5.00e-05

An error criterion of 1 dB was used in this work,
which is the criterion suggested by Thorsos10,21,34,35, and
corresponds to about 25% relative error in intensity. The
maximum value of the parameters, h and s, that satis-
fies the validity criterion is expressed by hmax and smax
respectively. The reported value of hmax is calculated
as the greatest lower-bound of h for the valid values of
w. A particular parameter combination is said to be in-
valid over a particular interval of backscattering angles
if any of the scattering strength estimates from the inte-
gral equation differ by more than 1 dB than the model
estimates. We report khmax and smax for three differ-
ent collections of angles: all valid backscattering angles
(between 10 and 90 degrees grazing angle), low grazing
angles (between 10 and 40 degrees), and high grazing an-
gles (between 70 and 90 degrees). The scattered field is
sampled at 1 degree increments in this work, so the dif-
ferent angular regions contain 81, 31, and 21 individual
angles respectively.

Determining hmax for a single grazing angle is a mul-
tiple hypothesis test (among different values of w). De-
termining hmax for an angular region expands the multi-
ple comparisons test to a set of angles and a set of spec-
tral strengths. The use of multiple comparisons increases
the chances of type I and type II statistical errors66, and
the error rate increases as more comparisons are made,
when compared with the test for a single angle or a single
value of w. Therefore, the validity regions shown here are
rather conservative, and complicated by including differ-
ent numbers of grazing angles in the multiple comparison
problem.

Rough surfaces were generated by starting with the
square root of the sampled power spectral density, mul-
tiplying it by independent complex Gaussian random
samples, enforcing the correct symmetry for real-valued
rough surfaces, and then performing Fourier synthesis,
similar to the process used in previous work21,51. The
surfaces used a sampling interval of δx = λ/14. The in-
cident field beam width parameter, g, was set to 100 λ
for simulations where L/λ was 100 or less, and set to
200 λ for the two largest values of L/λ. The effective
length, Leff is larger than g by a factor of about 25%,
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TABLE II. Rough interface and incident field parameters.

Parameter Value

Ltot/g 4.5
g/λ 100 or 200

∆x/λ 1/14
NE 100
Ntot 6300 or 12600

TABLE III. Geoacoustic parameters used in simulations.

Seafloor type ac δ1 aρ

Sand 1.1733 1.0×10−2 1.845
Mud 0.982 4.5×10−3 1.546

so the outer scale of the power law is captured. The
total surface length, Ltot was set to 4.5g so that the in-
cident field taper decreased to less than 1/100th of the
peak at the edges. The surfaces had a total number of
points of Ntot = 6300 or 12600, depending on the value of
L/λ. The Monte Carlo simulations used NE = 100 rough
surfaces. Assuming an exponential distribution (which
suitably characterized the scattered intensity), this cor-
responds to an uncertainty of about 10% compared with
the mean intensity, which is about 0.41 dB.

Boundary conditions investigated included Dirichlet
and the fluid-fluid transmission problem. Two parameter
sets for the fluid-fluid boundary were used. One param-
eter set had a sound speed ratio greater than one and
approximated medium sand. The other parameter set
had a sound speed ratio less than one, smaller attenu-
ation coefficient, and approximated mud or clay. Both
density ratios were greater than one. Specific values for
the fluid parameters can be found in Table III.

V. RESULTS

In this section, results of the numerical simulations
are presented. First, a few cases of scattering strength are
presented in which the validity criterion is not satisfied.
Both SSA(2) and SSA(4) are compared with the integral
equation result. Second, the validity criteria, khmax and
smax for several boundary conditions are shown for both
SSA(2) and SSA(4).

A. Examples model errors

Comparison of the scattering strength between the
IE method and SSA(2) and SSA(4) are shown in this sub-
section. These comparisons focus on situations in which
these models exceed the 1 dB threshold. Somewhat exag-
gerated model errors are presented here to give intuition
on cases where models do not provide a good fit. Focus
is placed on the trends in grazing angle.

FIG. 2. Comparison between integral equation and small
slope approximation (both SSA(2) and SSA(4)) using Dirich-
let boundary conditions for parameter combinations that are
beyond the 1 dB validity criterion. Part (a) shows SSA(2),
and part (b) shows SSA(4). Three values of γ are shown by
different color lines shown in the legend. Solid lines show the
integral equation result, and dashed lines represent model re-
sults.

In Fig. 2, examples of model-IE comparisons are
given for the Dirichlet boundary condition for parame-
ters where SSA(2) and SSA(4) are not valid (in parts
(a) and (b) respectively). Integral equation results are
given by the solid lines of different colors (indicated in
the legend), and the model curves are shown as black
dashed lines. The spectral strength for each plot is 8 dB
larger than the spectral strength that just satisfies the
1 dB validity criterion (a multiplicative factor of about
6.3 for w, and 2.5 for kh). Three values of the spectral
exponent are plotted, (1.0, 2.0 and 3.0), with the colors
indicated in the legend. For both SSA(2) and SSA(4) us-
ing Dirichlet boundary conditions, the integral equation
exceeds the model whenever they do not agree (i.e. the
model underestimates the scattering strength). For large
values of γ, the error appears predominantly at low graz-
ing angles, and is absent for larger grazing angles. For
small values of γ, the error is largest near the specular di-
rection, but scattering strength is underestimated at all
grazing angles. For the intermediate case of γ = 2 (the
red curves), the model is less accurate at small grazing
angles than near the specular direction, but the errors
begin to appear at larger grazing angles than for γ = 3.

6 J. Acoust. Soc. Am. / 7 August 2026 Validity criteria of the small-slope approximation



FIG. 3. Comparison between integral equation and small
slope approximation (SSA(2) in (a) and SSA(4) in (b)) using
the sand fluid-fluid boundary conditions for parameter com-
binations that are beyond the 1 dB validity criterion. Solid
lines show the integral equation result, and dashed lines rep-
resent model results.

Fluid-fluid boundary conditions are presented next.
In Fig. 3, comparisons between SSA(2) and IE results
are shown in part (a) and the SSA(4) in part (b) for
sand boundary conditions. As before, kh is about 2.5
times khmax in each case. All of the model curves for
SSA(2) and SSA(4) exhibit a local maximum near 31◦

grazing due to the critical angle. In the IE curves, the
critical angle peak exists, but is a place where disagree-
ment with the model is large. Disagreement between
SSA(2) and field measurements has been seen recently
by Hare et al.33, where the measured scattering strength
curve has shallower slope than the SSA(2) model (an
effect also seen here). Similarly to the Dirichlet case,
SSA(2) and SSA(4) disagree with the IE results at low
angles for γ = 3, and at high grazing angles for γ = 1.
Overall, the errors are not uniform in angle and the model
tends to overestimate scattering strength near the criti-
cal angle, and underestimate scattering strength at high
and very low grazing angles. Note that some cases here
have a local minimum in scattering strength at the spec-
ular direction. This minimum is due to the Kirchhoff
integral67,68(related to the integral over x in Eq. 19), and
can occur for very large spectral strength41.

In Fig. 4, examples of IE, SSA(2) and SSA(4) are
shown for the mud fluid-fluid boundary conditions for a
value of kh that is 2.5 times that of the limit of validity

FIG. 4. Comparison between integral equation and small
slope approximation SSA(2) in (a) and SSA(4) in (b) using
the mud fluid-fluid boundary conditions for parameter com-
binations that are beyond the 1 dB validity criterion. Solid
lines show the integral equation result, and dashed lines rep-
resent model results.

(as before). The mud case does not have a critical angle
in contrast to the previous example. Like the sand simu-
lations, a local minimum in scattering strength near the
specular direction is present for γ < 3. The kh values
in Fig. 4 are far larger than either the sand or Dirichlet
boundary conditions, because the corresponding khmax
values are larger. A major trend observed here is that
the SSA(4) curves increase the error compared to SSA(2)
for γ > 1 (since they have lower khmax). For γ = 1 both
SSA(2) and SSA(4) give the same result.

B. Validity Bounds

The validity bounds, khmax and smax are examined
in this section, and are shown as a function of the non-
dimensionalized outer scale, kL, for different values of
the spectral exponent, γ. The goal of this section is to
observe trends in these two variables that can lead to an
understanding of conditions under which the SSA(2) and
SSA(4) are valid. Dirichlet boundary conditions are pre-
sented first, followed by fluid-fluid boundary conditions
with sand and mud parameters.

J. Acoust. Soc. Am. / 7 August 2026 Validity criteria of the small-slope approximation 7
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(a) khmax for θ ∈ [10, 90]γ = 1.0 D2
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(b) smax for θ ∈ [10, 90]

FIG. 5. Part (a) shows maximum valid rms height (non-
dimensionalized by wave-number) for Dirichlet boundary con-
ditions and backscattering angles between 10 and 90◦. SSA(2)
is shown in solid lines, and SSA(4) is shown in dashed lines.
The color denotes different values of the spectral exponent,
γ. Part (b) shows maximum valid rms slope for SSA(2) and
SSA(4).

1. Dirichlet Boundary Conditions

In Fig. 5, the validity criteria for all valid angles (be-
tween 10◦ and 90◦ grazing angle) are plotted for Dirich-
let boundary conditions. Part (a) shows khmax, part (b)
shows smax. The solid lines show the validity limits for
each value of γ as a different color for SSA(2). Equiv-
alent quantities for SSA(4) are shown in dashed lines.
Note that khmax versus kL is plotted on a log-log scale,
and smax versus kL is shown on a log scale for the hori-
zontal axis, and in degrees rms slope on the vertical axis.
The degree version of slope is sDeg = 180/π × tan−1(s).
This transformation compresses the larger range of rms
slopes. For example, rms slopes of 0.5, 1 and 2 are 25◦,
45◦, and 63◦ respectively. This compression is useful for
graphical analysis, and has been used extensively in the
literature on scattering model validity10,21,35.

Overall, the validity limit is larger as kL increases.
The slope of this line is steeper for large γ than it is for
small γ. The validity limit for SSA(4) is larger than for
SSA(2), although in a few isolated points they are equal
(such as γ = 2 for the largest value of kL). It is possi-
ble that a statistical error due to finite ensemble size is
responsible for these cases. Most of the khmax values are
on the order of 1, with smaller γ and smaller kL being
slightly less than 1, and γ ≥ 2.5 and kL > 700 being
slightly greater than one. khmax is never greater than
2 for the cases examined in this work, and the smallest
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(a) khmax for θ ∈ [10, 40]◦
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(b) smax for θ ∈ [10, 40]◦

FIG. 6. Part (a) shows maximum valid rms height (non-
dimensionalized by wave-number) for Dirichlet boundary con-
ditions. These parameters are valid for low backscattering an-
gles (between 10 and 40◦). SSA(2) is shown in solid lines, and
SSA(4) is shown in dashed lines. The color denotes different
values of the spectral exponent, γ. Part (b) shows maximum
valid rms slope.

value is about 0.1. Extrapolating to larger and smaller
values of kL suggests that these are not absolute limits.
It is remarkable that the values of khmax are so close
to each other for a diverse set of power law parameters.
In contrast, the corresponding values of smax in part (b)
are widely different in magnitude as γ varies, but ap-
proximately constant as a function of kL. Large values
of γ have smax on the order of a few degrees, whereas
for γ = 1, smax is around 40◦ for SSA(2) and 50-60◦

for SSA(4). On average, SSA(4) for Dirichlet surfaces
has khmax and smax (units of slope) approximately 1.75
times that of SSA(2). The different behavior for khmax
and smax is due to the dependence of h and s on kL, γ,
and w.

Similar plots for khmax and smax, but only for low
backscattering angles between 10 and 40 degrees grazing
are shown in Fig. 6. Overall, the bounds are very simi-
lar to the previous figure that used all valid angles. One
notable difference occurs for γ = 1, where the small kL
region has a higher khmax at low angles than for all an-
gles. Examination of the model-IE comparison in Fig. 2
for γ = 1 shows that the error is much larger at normal
incidence than at grazing. Therefore, if the near specu-
lar region is ignored (as it is for small grazing angles in
Fig. 6), then khmax will be slightly larger.

A version of the validity plots for high backscatter-
ing grazing angles between 70 and 90 degrees is shown
in Fig. 7. In this case the γ = 1 curve is almost the

8 J. Acoust. Soc. Am. / 7 August 2026 Validity criteria of the small-slope approximation
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(b) smax for θ ∈ [70, 90]◦

FIG. 7. Part (a) shows maximum valid rms height (non-
dimensionalized by wave-number) for Dirichlet boundary con-
ditions. These parameters are valid for high backscattering
angles (between 70 and 90◦). SSA(2) is shown in solid lines,
and SSA(4) is shown in dashed lines. The color denotes dif-
ferent values of the spectral exponent, γ. Part (b) shows
maximum valid rms slope.

same as for all angles in Fig. 5, since the error mostly
concentrated near the specular direction for this spectral
exponent. The larger values of γ are much different. In
these cases, the khmax and smax are much larger for steep
angles than they are for shallow angles. In other words,
the small slope approximation can tolerate much higher
rms height and spectral strength near the specular direc-
tion when γ is large. Broschat and Thorsos35 and Wang
and Broschat36 also found that the small slope approx-
imation was more accurate (had a higher maximum kh
and s) near the specular direction for bistatic scattering,
using Gaussian and Pierson-Moskowitz roughness spec-
tra respectively.

For steep angles and SSA(2), smax is more or less
constant with kL, although the SSA(4) appears to have a
slightly smaller smax for the larger values of kL. Neither
khmax nor smax are clustered around a single order of
magnitude when considering variations in both kL and
γ, although smax is largely insensitive to kL. We observe
khmax values up to about 20, and as low as 0.2. The
RMS slope limitations were as high as 60 ◦ for SSA(4)
and 40◦ for SSA(2), and as low as about 10◦ for SSA(4)
and 30◦ for SSA(2).

Very low grazing angle backscattering situations are
of consequence for long-range reverberation scenarios. In
these numerical simulations, the incident field has a finite
angular width due to the taper, and this width becomes
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(b) smax for 3 2 [5; 9]/

FIG. 8. Part (a) shows maximum valid rms height (non-
dimensionalized by wave-number) for Dirichlet boundary con-
ditions. These parameters are for very low backscattering an-
gles (between 5 and 9◦). SSA(2) is shown in solid lines, and
SSA(4) is shown in dashed lines. The color denotes different
values of the spectral exponent, γ. Part (b) shows maximum
valid rms slope.

as large as 50% of the grazing angle when θ = 5◦. A
conservative bound on the lower limit of the grazing an-
gles accessible by this study is therefore 5◦. The validity
region for very low grazing angles is shown for kh and s
in Fig. 8. This plot is similar to Fig. 6 for angles between
10◦ and 40◦, except that on average khmax for γ = 1
is 1.1 times larger for very low angles, and for γ = 3 is
0.87 times as large. Smaller grazing angles require much
longer surface lengths. To deal with these large simula-
tions, approximate methods such as the fast multipole
algorithm would be needed45.

2. Fluid-fluid boundary conditions

Next, fluid-fluid boundary conditions are examined
in Fig. 9. The parameters khmax and smax are shown
in the same format as previously. Overall for SSA(2),
the validity region is slightly larger (about 1.9 times for
khmax) for sand than for Dirichlet boundary conditions.
The largest value of khmax is approximately 3, and the
smallest is approximately 0.6. Similar trends are ob-
served for the kL dependence as for the Dirichlet case.
The slope of the sand khmax versus kL is about the same
for γ = 1 as it is for the Dirichlet case, but is less steep
than the γ = 3 Dirichlet case.

In contrast to the Dirichlet examples, SSA(4) for
sand has higher khmax and smax only for large values
of γ. When γ ≤ 1.5 it either has the same maximum
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parameter as SSA(2), or is slightly lower. For γ > 1.5,
the SSA(4) khmax is only slightly larger than SSA(2) on
average. This effect may be due to not all terms up to
fourth order in slope being included in the SSA(4) form
used here (see Sec. VI C for a discussion of this). It is in-
teresting to note that for γ = 1, smax for SSA(2) is about
60 degrees, which is the value for SSA(4) for Dirichlet
boundary conditions.

The validity limits for low angles only are not shown
here because they are exactly the same as the results
already shown for all angles in Fig. 9. For high grazing
angles, the trends are similar to the Dirichlet case and
are not shown for brevity. At high angles, khmax and
smax are larger by a factor of 2.4 on average for SSA(2)
compared to Dirichlet boundary conditions and larger by
a factor of 1.6 for SSA(4).

The parameters khmax and smax are shown for mud
in Fig. 10, with the same presentation format as before.
The overall trends with γ and kL are similar to the pre-
vious figures, although the precise values are higher than
either the sand or Dirichlet cases. The maximum valid
kh for SSA(2) in these simulations was approximately
11. The largest valid s was approximately 60 degrees
(for both SSA(2) and SSA(4)), and occurred for γ = 1.
This was the same value found for sand for SSA(2), and
Dirichlet for SSA(4). For γ = 1, the extra term makes
no difference to khmax compared to SSA(2). At all other
values of γ, khmax is smaller for SSA(4) than it is for
SSA(2), meaning that the extra term introduces error
(see Section VI C). The maximum khmax in these simu-
lations was 7 for SSA(4), and is on average 0.80 times
that of SSA(2) for mud.

At low backscattering grazing angles, SSA(2) for
mud has the same khmax as for all angles. For high an-
gles, khmax for SSA(2) is again larger, this time a factor
of 3.4 times larger than Dirichlet SSA(2) high angles, and
1.5 times larger compared to sand SSA(2) at high angles.
The maximum khmax at high angles in the cases exam-
ined is 56 for γ = 3, and the smallest is 1 for γ = 1. In
this angular range, smax is between 46 and 69 degrees de-
pending on the value of γ. For SSA(4), khmax is larger at
steep angles than it is for SSA(2), by a factor of 3.3. At
low angles SSA(4) has the same validity limits as SSA(4)
at all angles, since most of the error is at small grazing
angles.

VI. DISCUSSION

In this section, the trends seen for khmax and smax
as a function of kL, θ, γ, and boundary condition are
discussed. Comparisons are made to other studies of the
SSA for Dirichlet boundary conditions. The potential
reasons as to why SSA(4) does not always provide an
improvement over SSA(2) are discussed. Comparisons to
other scattering models (specifically PT and the KA) are
made, underscoring the attractiveness of the SSA. Large
roughness effects such as backscatter enhancement and
the applicability of Lambert’s law are discussed. Since
khmax and smax are related through the power law pa-
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(b) smax for θ ∈ [10, 90]

FIG. 9. Part (a) shows maximum valid rms height (non-
dimensionalized by wave-number) for fluid-fluid sand bound-
ary conditions and both SSA2 (solid) and SSA(4) (dashed).
These parameters are valid for all valid backscattering angles
(between 10 and 90◦). The color denotes different values of
the spectral exponent, γ. Part (b) shows maximum valid rms
slope for the same models and boundary conditions.

rameters, khmax is used to stand in for both in this sec-
tion, unless smax is explicitly stated.

A. Angular and kL dependence of khmax

It is first noted that for SSA(2), khmax increases
with kL, and near-specular backscattering angles have a
higher khmax than medium or near-grazing angles (for
γ > 1). It is assumed here that SSA(2) is accurate
when the extra contribution to SSA(4) is small relative to
SSA(2). Furthermore, if the extra contribution to SSA(4)
grows with kL more slowly than relative to the depen-
dence of SSA(2) on kL, then it is possible to explain the
dependence of khmax on kL for SSA(2).

This relationship can be explained by examining the
relative contribution to the T1 term in the SSA series in
comparison with T0. Recall that expressions for T0 and
T1 is given in Eqs. (19) and (20). Let

u = Φ1

kΦ0
= Ã2 + iνzA1

2kA1
(34)

be a nondimensional version of the wavenumber inte-
grand multiplying F and the exponential in the expres-
sion for T1. This quantity is normalized by Φ0, so it
expresses the contribution to the second term in the SSA
series relative to the first, without taking into account
the roughness spectrum.
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(b) smax for θ ∈ [10, 90]

FIG. 10. Part (a) shows maximum valid rms height (non-
dimensionalized by wave-number) for fluid-fluid mud bound-
ary conditions and both SSA2 (solid) and SSA(4) (dashed).
These parameters are valid for all valid backscattering angles
(between 10 and 90◦). The color denotes different values of
the spectral exponent, γ. Part (b) shows maximum valid rms
slope for the same models and boundary conditions.

The integral over k1x in the expression for T1 is pro-
portional to the inverse Fourier transform of F weighted
by this function u. Most of the contribution to the mean
square height comes from the low wave-number compo-
nents near kL. The function u as a weighting function
controls which portions of the roughness spectrum con-
tribute most to T1. The non-dimensional quantity u is
plotted as a function of nondimensional k1x in Fig. 11
for three backscattering situations, θ = 20◦, 60◦ and 90◦

in each subfigure, and the three boundary conditions as
different line styles. When |k1x| is sufficiently large, |u|
behaves like a linear function. The weighting function
u therefore emphasizes high wave-number components,
and for asymptotically high frequencies, behaves like a
derivative filter, as discussed by Broschat and Thorsos35.
This is one of the reasons that the small slope T-matrix
series is in powers of generalized slope14,57.

Due to this filter, low wave-number parts of the
power spectrum have a small weight in the Fourier in-
tegral compared with large wave-numbers. Therefore, as
kL increases, the main portion of the rms height is due
to low wave-number components of the roughness power
spectrum, but they have progressively smaller weights
as 1/L tends to zero. Therefore, the weighting function
should result in larger khmax as kL becomes larger, which
was observed for all boundary conditions. The value of γ
has a significant effect here. For γ = 3, a large fraction of

the contribution to h occurs for small wave-numbers, and
it should have the largest khmax for the simulations ex-
amined here (seen in Figs. 5-10). Empirically, it is found
that when kL is greater than a certain value, wmax is
approximately constant as a function of kL, which shows
the effect of the filter u. For γ = 1, the dependence of
kh on kL is logarithmic, and should therefore have the
smallest khmax, which was observed empirically in this
work.

Next, we turn to the result that khmax is often
larger for near-specular backscattering angles than for
near grazing angles. The function u is zero when k1x = 0,
as demanded by the SSA14,57. For small |k1x|, its behav-
ior depends on the backscattering angle. Fig. 12 plots u
for three different angles on a log-log scale, as a function
of k1x/k. Notably, the 90◦ backscattering curve is smaller
than the others, and has the steepest slope of 2 (or k2

1x)
near the origin, and the curves for the two non-specular
grazing angles have a slope of 1 ( k1

1x) near the origin.
All curves converge to approximately the same power law
behavior of k1

1x at very high wave-numbers, and have al-
most the same magnitude. Note that not all of the curves
in Fig. 12 show a slope of 1 at high wavenumbers, but it is
acheived when k1x/k is examined for values higher than
the figure’s upper limit of 4. Due to the small magnitude
of u, and larger power-law exponent near the origin, u
for near-specular angles has a very small weight applied
to the low wave-number portion of the power spectrum
compared to moderate or near-grazing angles. Therefore,
near specular, SSA(2) should have a larger khmax com-
pared to other angles. Again, this effect is dependent
on γ, with much higher khmax near the specular direc-
tion observed for large spectral exponent, and almost the
same khmax observed for small exponent, when compared
with lower angles.

B. Boundary conditions

The effect of boundary conditions on khmax is signif-
icant. We found that for SSA(2), the Dirichlet boundary
condition had the smallest khmax, followed by sand, fol-
lowed by mud (holding all other parameters constant).
The mud boundary condition had the smallest contrast
between the two media (the sound speed ratio was nearly
one, and the density ratio was the closest to one). Of the
two types of boundary conditions examined here, only
the Dirichlet is impenetrable, meaning that sound is scat-
tered entirely back into the acoustic medium. It is gener-
ally understood that the stronger the contrast of a fluid
interface, the less penetrable the interface is to sound.
This leads to the hypothesis that weaker contrasting in-
terfaces will have higher khmax for SSA(2) than strongly
contrasting ones. This hypothesis can be put on more
solid footing by examining Fig. 11. In each subfigure,
u is plotted for different boundary conditions. The low-
est curve is mud, followed by sand, followed by Dirich-
let. This ordering is the same as khmax from the integral
equation results, and therefore we can tentatively provide
some evidence to support this hypothesis. The precise
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FIG. 11. The magnitude of k1x integrand function Φ1 for
T SSA

1 divided by the coefficient for T SSA
0 . This quantity

is plotted for three different boundary conditions, Dirichlet,
sand, and mud (noted in the legend). Part (a) shows this
function for low backscattering grazing angle, 20◦, part (b)
shows 60◦, and part (c) shows 90◦.

FIG. 12. A plot of the magnitude ratio of Φ1/Φ0 for Dirichlet
boundary conditions using log-log axes. The plots show three
angles (noted in the legend), with the curve for 90◦ grazing
having a slope of 2 near the origin. The rest have a slope of
1.

role of ac, aρ, and the attenuation parameter δ has not
been identified, but the information is contained in the
formulae for Ã2 and A1.

C. SSA(4) is not always a better approximation

In the Dirichlet boundary condition, SSA(4) almost
always resulted in higher khmax than SSA(2). The same
was not true for the fluid-fluid boundary conditions. The
most obvious reason this might be the case is that the
form of SSA(4) used in this work is not the full scat-
tering cross-section to fourth order in generalized slope.
It is missing the cross term T0T ∗

2 + T2T ∗
0 , which was

neglected due to its computational complexity, and be-
cause Broschat and Thorsos35 give an argument that the
sum T0 + T1 reduces to the Kirchhoff approximation for
asymptotically large k, which is an attractive property.
Further investigation of the full fourth order SSA for
power-law surfaces may yield an improvement in fluid-
fluid cases.

If the form of SSA(4) is an accurate expression to
fourth-order in rms slope, then another explanation is
needed. It is first noted that khmax for SSA(2) is larger
for the fluid-fluid boundary conditions than Dirichlet.
Given that the validity limits for SSA(2) are already high
(for some fluid-fluid cases), we speculate that the small
slope series may require higher order terms in general-
ized slope (e.g. to fifth or higher order). In the case of
mud and SSA(2), smax is already greater than unity (in
units of slope) for smaller values of γ, and khmax is larger
than unity for larger values of γ. These large parameters
may prevent either the small slope or perturbation series
from being accurate at fourth order. Although the small
slope approximation is formulated independently of kh,
a finite number of terms are used in the perturbation se-
ries to determine the coefficients Φn. For example, T0
uses the first two terms in the perturbation series, and
T1 uses the first three. All the SSA(2) mud cases for
which either khmax > 1 or smax > 45◦ have a poorly (or
neutrally) performing SSA(4). It may be the case that if
the SSA series were calculated to higher orders (includ-
ing T2, T3 etc.), some improvement may be possible for
the mud boundary condition, and for the case of γ = 1
for sand.

It may also be that the small slope series itself di-
verges for these large values of smax and khmax, and the
only usable term is the lowest order. It is also interesting
to note that the largest rms slope tolerated by SSA(4)
for Dirichlet boundary conditions, SSA(2) for sand, and
SSA(2) for mud is approximately 1.73 (60◦). This simi-
larity between smax in these cases may suggest an upper
bound to the slope tolerated by the small slope series as
a whole, although future work is needed to confirm or
refute this speculation. Divergence of a series has been
observed in other scattering models, and is a motivation
for our hypothesis. Previous numerical work has shown
that the perturbation series has a maximum slope beyond
which the series diverges for sinusoidal roughness69. Note
that the slope limitation in perturbation theory is not re-
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lated to the Rayleigh hypothesis, but an implicit series
in slope due to the Taylor expansion of the Green’s func-
tions (See Voronovich56 pages 81-83). The small slope
approximation is also a local approximation, because it
does not explicitly contain multiple scattering70. Multi-
ple scattering may be a reason that the SSA series does
not converge. The non-local SSA may be able to model
very large roughness cases studied here71

D. Comparison to other studies of the SSA

It is interesting to compare these results to the find-
ings of Broschat and Thorsos35. In that work, a Gaussian
roughness spectrum model was used, with length scale
LG. The Gaussian spectrum is highly concentrated at
zero wave-number and had very little energy for wave-
numbers greater than about 2π/LG. They found that
as kLG was increased, the error compared with the IE
result for SSA(2) and SSA(4) increased, especially for
the backscattering direction. This result is the opposite
of the findings of this work, where increasing kL with a
fixed kh leads to a smaller error, noting of course that L
is not the same as LG.

This discrepancy can be explained by the fact that
the Gaussian rough surface is a single-scale surface,
whereas the power law model is multiscale and the rough-
ness power is more evenly distributed over the domain of
support. Consider the case of large kLG and large kL,
and small θ so that the incident and scattered wavenum-
bers have magnitudes close to k, and the Bragg wavenum-
ber, kb = 2k cos θ is approximately 2k. For very small
grazing angles in the backscattering direction, perturba-
tion theory is accurate whenever SSA(2) is accurate (see
Figs. 13 and 14 below). Perturbation theory predicts
that the scattered intensity is proportional to W (kb).
The next term in the SSA series uses an integral of the
roughness spectrum weighted by u and the exponential
term.

A Gaussian roughness model is sharply peaked
around the origin for large kLG, and the spectral lev-
els are small at the Bragg wavenumber compared to
the peak. Therefore, for large kLG (and therefore large
kbLG), the integral over k1x will have significant contri-
butions in T1 compared to T0. In contrast, the power-law
model is not as sharply peaked as the Gaussian model.
If we set kL = kLG = 10, then the ratio of peak spectral
density to the value of the Bragg wave number is ap-
proximately 1043 for the Gaussian surface and between
3 and 32 for the power law model γ with 1 and 3 re-
spectively. As noted earlier, the function u gives a low
weight to small wavenumber components, but it is not a
small enough weight to compensate for 43 orders of mag-
nitude of difference in the Gaussian model. Therefore,
large values of kLG produce much different behavior for
the validity of the SSA for Gaussian surfaces than for the
power-law model for similar L and LG. These different
ratios are a consequence of the single-scale nature of the
Gaussian roughness model, and the multiscale, broad-
band nature of the power law model.

It is also instructive to compare to a study of SSA
validity for the Pierson-Moskowitz roughness spectrum
by Wang and Broschat36. This spectrum has a power
law form with an exponent of 3 at high wave-numbers,
and has a lower-frequency cutoff, Kp. Both h and Kp

are controlled by the wind speed34, U , with h ∝ U2 and
Kp ∝ U−2. This model is similar to the γ = 3 case of the
power-law model, but without the independent control
of spectral strength and low wave-number cutoff. Wang
and Broschat36 have broadly similar conclusions as this
work. For incident angles near the specular direction,
SSA(2) can tolerate rather large kh, and maximum valid
kh decreases for small grazing angles. Extremely large
values of kh ≈ 134 were found to be accurately modeled
by SSA(2) for the Pierson-Moskowitz near the specular
direction, which is much higher than the values observed
in this work. These precise values should be used with
caution, as the sampled surfaces in Ref. 36 are not long
enough (especially in their electromagnetic simulations)
to adequately capture the low wave-number peak Kp that
drives much of the rms roughness, and are therefore over-
estimates of h.

E. Comparison to other approximations

The lowest order SSA has been described as being
accurate over a larger angular domain than either PT or
the KA6. The numerical simulations in this work can be
used to support this claim. The T-matrix for PT can be
derived from the SSA T-matrix (Eq. 19) by performing a
Taylor expansion of the exp (−iνzf(x)) term resulting in
1 − iνzf(x). The KA formula for T0 for one dimensional
roughness is6,21

T KA
0 = Vww(θis)

k

(︃
kix

∆kx

∆kz
+ kiz

)︃∫︂
dxeiνxx−iνzf(x) ,

(35)

where Vww(θis) is the flat-interface reflection coefficient
evaluated at the angle6

θis = sin−1
(︂√︁

∆k2
z + ∆k2

x/2k
)︂

.

A comparison between SSA(2), PT, and KA for sand
boundary conditions is shown in Fig. 13. In each case, pa-
rameters that just satisfy validity for SSA(2) are shown,
and different values of the spectral exponent are shown
in each sub-figure. Part (a) shows γ = 1. While SSA(2)
is accurate over all angles, PT overestimates the cross-
section for angles above about 60◦ grazing angle, and
KA underestimates the scattering cross-section for an-
gles less than 70◦ grazing angle, and overestimates for
very low grazing angles. In part (b) the spectral expo-
nent is increased to 2. Here, the KA still underestimates
the scattering cross-section for angles less than 70◦ graz-
ing angle, but PT diverges from the IE result only for
angles greater than 80◦ where it overestimates the scat-
tering cross-section. As the spectral exponent increases
to 3 in part (c), the KA is still accurate for grazing angles
greater than 70◦, but PT underestimates the scattering
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cross-section above 80◦ grazing angle, and overestimates
for angles very close to specular. The PT scattering
strength is extremely small exactly at the specular di-
rection because there is negligible power spectral density
at zero wavenumber (i.e. the Bragg wavenumber for the
specular direction) for the truncated power law model.
For all of the PT results here, most of the error is near
the specular direction, and the converse is true for KA.
These conclusions agree with speculative statements in
the literature about these models (see Ch 13 of Jackson
and Richardson6, especially Fig. 13.2).

A reliable lower limit for the validity of the KA for
backscattering appears to be 70◦. This limit holds for
all angles of w (up to the limit of KA as a whole) and
for both sand and mud boundary conditions. Increasing
or decreasing spectral strength does not appreciably ex-
pand or shrink the angular region for which the KA is
accurate, although the KA has the same upper limit of
w as does the SSA(2) near the specular direction. Al-
though PT is generally accurate for small to moderate
grazing angles, there are isolated angles where the error
jumps above 1 dB at small and moderate angles. This
phenomenon is because higher order terms in the series
for exp(−iνzf(x)) may provide small corrections at small
and moderate grazing angles that improve the model-
data comparison. These terms are included in SSA(2),
but not PT.

A graphical depiction of the validity regions for these
models are given in Fig. 14. The spectral exponent is
held constant at 2, and kL = 400π. Each sub-figure
shows whether a particular angle and spectral strength
combination is valid (gray), overestimated by the model
(white), or underestimated by the model (black). The
latter two cases are different ways for the model to be in-
valid, and also use the 1 dB criterion. Spectral strength
is plotted as the decibel version of w non-dimensionalized
by k3−γ . Part (a) shows SSA(2) as a reference. The do-
main of validity of PT in part (b) is a subset of SSA(2).
Errors close to the specular direction, and isolated errors
at small and moderate grazing angles can be seen. Part
(c) shows the Kirchhoff approximation, and its validity
region in this parameter space is approximately rectangu-
lar. The limit of 70◦ is remarkably constant as a function
of spectral strength. Small deviations from this shape are
seen for other values of γ, but are not plotted here for
brevity.

The shape of the valdity region for SSA(2) is rather
complicated compared to that of the KA. Near the spec-
ular direction, it has the same behavior as the KA. How-
ever, away from the specular direction at large values of
w it has a region where it overestimates the scattering
strength. This region is near the critical angle. Similar
behavior can be seen in Fig. 3 where there is a small angu-
lar region where SSA(2) over estimates near the critical
angle, and underestimates near the specular direction.
At very low grazing angles both PT and SSA(2) under-
estimate the scattering cross section.

FIG. 13. A comparison of scattering strength calcuated be-
tween several methods, the integral equation result, SSA(2),
KA and PT. Each subfigure shows a different value of γ.

F. Backscatter enhancement

In some previous numerical studies of scattering from
very rough surfaces with a Gaussian roughness spectrum,
a peak in the backscattering direction was found in the
bistatic scattering cross section72,73. This peak has been
termed backscattering enhancement, and is due to mul-
tiple scattering70, which is an iterative extension of the
tangent plane approximation. Since the backscattering
direction contains double-scattering paths that are re-
ciprocal and thus coherent, enhanced scattering in the
backscattering direction is possible. Since the small-slope
approximation is a local scattering approximation (i.e. it
ignores multiple scattering)74, it is natural to examine
the bistatic field to determine whether backscatter en-
hancement exists, which would indicate the presence of
significant multiple scattering. As stated earlier, multi-
ple scattering may be potential cause for failure of the
small slope series to converge.

Several examples of the bistatic scattering cross-
section for the largest spectral strengths used in numeri-
cal simulations are presented for the Dirichlet boundary
condition in Fig. 15. The upper row of this figure shows
the bistatic scattering cross section for a spectral expo-
nent of two, an rms slope of 69◦, and kh = 9. Increasing
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FIG. 14. Model validity is presented as a function of spectral
strength and grazing angle for the three different approxima-
tions. The roughness parameters were γ = 2, L/λ = 200,
and geoacoustic properties for sand were used. The spectral
strength shown as the decibel version of the nondimensional
quantity k3−γw.

values of the incident grazing angle are used for each col-
umn. The scattered grazing angle is indicated on the
horizontal axis. A red circle indicates the backscattering
direction. No obvious peaks in the numerical experiment
are present. The lower row shows the bistatic scattering
strength for a spectral exponent of three, the same value
of rms slope, but now kh = 71. In the lower row, a narrow
peak is observed near the backscattering direction. For
the smallest incident grazing angle (25◦), both a narrow
peak and a broad peak are visible near the backscattering
direction. The broad peak is likely not due to backscat-
tering enhancement, and may be related to the specular
minimum predicted by the Kirchhoff integral67.

Backscattering enhancement, and therefore multiple
scattering is present for power-law roughness with large
root mean roughness and large root mean square slope.
The rms slope needed to observe backscattering enhance-
ment is larger in this work than for Gaussian roughness.
It is hypothesized that these differences in kh and s are
due to the broadband nature of power law roughness, and
that the presence of significant rms roughness at scales
near the wavelength can disrupt the mechanism responsi-
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FIG. 15. The bistatic scattering cross-section for the Dirich-
let boundary conditions with various incident grazing angles
is shown for two different roughness properties. The top row
shows cases with a spectral exponent of two, and the bottom
row has an spectral exponent of three. Different values of the
incident grazing angle are shown in each row. The backscat-
tering direction is denoted by the red circle. Narrow peaks in
the bottom row indicate backscatter enhancement.

ble for backscatter enhancement. It seems necessary that
both large s compared to the incident grazing angle, and
large kh are present. The presence of multiple scatter-
ing in these simulations may indicate a possible reason
that SSA(2)14 fails for large roughness. Future efforts
to model scattering from power-law rough surfaces may
need to take multiple scattering into account, e.g. using
the non-local small slope approximation71.

G. Applicability of Lambert’s law

Lambert’s law was originally developed to model the
angular dependence of light scattering from the surface
of the Moon7576. It has commonly been used to model
scattering from very rough surfaces at small to moder-
ate grazing angles44,77,78. The form for the monostatic
Lambert model is σ = µ sin2 θ, where µ is Lambert’s
parameter and is empirically determined. A generaliza-
tion of Lambert’s law, σ = µp sinp θ was suggested by
McKinney and Anderson79, with p as a free parameter.
Setting p = 2 corresponds to the Lambert model, p = 1
corresponds to the Lommel-Seeliger model (backscatter-
ing only)80–82, and p = 3.3 was used in the empiri-
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FIG. 16. Comparison of scattering strength for the Dirichlet,
sand and mud boundary conditions for large kh and kL and
γ = 2 to Lambert’s law.

cal Chapman-Harris model for scattering from the sea
surface83.

A comparison of the scattering strength for different
boundary conditions to Lambert’s law for very rough sur-
face parameters and γ = 2 is given in Fig. 16. Overall,
the Dirichlet results compare very well with Lambert’s
law for a wide variety of angles. The sand boundary con-
ditions only compare favorable with Lambert’s law for
very small grazing angles, and the mud boundary con-
dition has a shallower slope than Lambert’s law at very
small angles.

Note that the Lambert parameters in Fig. 16 and the
largest generalized Lambert parameters in Fig. 17 violate
energy conservation (i.e. the largest Lambert parameter,
µ, that satisfies energy conservation is π−1 or about -5
dB6). However, this criterion is for the bistatic version of
the model, and as Jackson and Richardson state, larger
values are possible if backscatter enhancement is present.
Figs. 15 demonstrates that backscatter enhancement is
present for the largest roughness case, and therefore en-
ergy conservation is not violated by large values of µ or
µp.

For scenarios with smaller kh, the fit to Lambert’s
law is not exact. The generalized Lambert law was fit
to all the Dirichlet simulations with a fixed L/λ = 100.
These results are shown in Fig. 17. For large values of
the spectral strength, the fits show p ≈ 2, which indicates
a good fit to Lambert’s law. Smaller spectral strengths
show values of p between 2 and 4, with the upper limit
indicating the shape of lowest-order PT and SSA(2) at
small grazing angles. These empirical model fits are an-
other way of showing a gradal departure from the SSA(2)
or PT model shape at low grazing angles towards Lam-
bert’s law as kh is increased. Linear least squares was
used to fit the model to the data by using 10 log10 sin θ
as the independent variable. The R2 value of this linear
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FIG. 17. Results of fitting the generalized Lambert model
to Dirichlet integral equation simulations between 5 and 40
degrees grazing angle. Parameters are the exponent, p and
the coefficient, µp with units of decibels. The horizontal axis
is wk3−γ .

fit was greater than 0.9 for all but two γ = 3 cases with
the largest spectral strengths.

VII. CONCLUSION

The small slope approximation was compared to a
benchmark integral equation solution for a power-law
roughness spectrum, backscattering geometry, and var-
ious boundary conditions. The largest value of the pa-
rameters kh and s for which the SSA satisfied validity
criteria were found. This research is a first step towards
finding practical limitations of scattering models that are
used to compare to real measurements of scattering from
rough surfaces, whether from acoustic systems measuring
the sea floor, or radar systems from natural terrain. A
fruitful area of future work would be to perform a similar
study for 2D roughness and a 3D acoustic medium, which
would be more directly comparable to experiments84.
However, fast methods for solving the required integral
equations would need to be used.
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APPENDIX: PERTURBATION SERIES

The perturbation series for T is given by the sum

T ≈A0(kix)δ(ksx − kix)+
A1(ksx, kix)F (ksx − kix)+
1
2

∫︂
dk1xA2(ksx, kix, k1x)F (ksx − k1x)F (k1x − kix)

+ . . .

(A1)

The factors An can be calculated using the formula in
Appendix K of Jackson and Richardson6. Using these
formulas, the coefficients are

A0(kix) = Q(kix, kix) (A2)
A1(ksx, kix) = −ik [β0(kix)Q(ksx, kix)

+M(ksx, kixE(kix)Q(kix, kix))]
(A3)

A2(ksx, kix, k1x) = (−ikβ0(kix))2Q(ksx, kix)
− (ik)2M(ksx, kix)E2(kix)Q(kix, kix)
− 2ikM(ksx, ksx − k1x)E(ksx − k1x)
× A1(ksx − k1x, kix)

(A4)

Note that the equation for A1 has corrected a sign error
appearing in Eq. (K43) of Jackson and Richardson6. The
small slope approximation requires that Φ1(ksx, kix, 0) =
0, which in turn requires a symmetrized version of A2.
This version is denoted Ã2, and the process by which this
term is found is detailed in Berman16. The result of this
manipulation is

Ã2(ksx, kix, k1x) = (−ikβ0(kix))2Q(ksx, kix)
− (ik)2M(ksx, kix)E2(kix)Q(kix, kix)
− ik [M(ksx, ksx − k1x)E(ksx − k1x)A1(ksx − k1x, kix)
+M(ksx, kix + k1x)E(kix + k1x)A1(kix + k1x, kix)]

(A5)

The quantities Q, E, and M are reproduced here
from Appendix K in Jackson and Richardson6. In terms
of generic horizontal wave-number k1x and k2x, these

quantities are

M(k1x, k2x) = D−1(, k1x)D(k1x, k2x) (A6)
Q(k1x, k2x) = D−1(k1x, k1x)S(k1x, k2x) (A7)

D(k1x, k2x) =
[︄

−1 1
aρB0(k1x, k2x) B1(k1x, k2x)

]︄
(A8)

S(k1x, k2x) =
[︄

1
aρB0(k1x, k2x)

]︄
, (A9)

where the function Bα is

Bα(k1x, k2x) = 1 − k1xk2x/k2
α

aαβα(k2x) . (A10)

The diagonal matrix E(kx) is

E(kx) =
[︄

β0(kx) 0
0 −β1(kx)/a1

]︄
. (A11)

The definition of D in Eq. (A8) corrects an error in Jack-
son and Richardson6 reported in the list of errata.
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chen prozesse,” Mathematische Annalen 109(1), 604–615 (1934)
doi: mu10.1007/bf01449156.

56A. G. Voronovich, Wave Scattering from Rough Surfaces, second
ed. (Springer, Berlin Heidelberg, 1999).

57E. I. Thorsos and S. L. Broschat, “An investigation of the small
slope approximation for scattering from rough surfaces. Part I.
theory,” J. Acoust. Soc. America 97, 2082 – 2093 (1995).

58A. D. Pierce, Acoustics: An introduction to its physical principles
and applications (the Acoustical Society of America, 1994).

59O. Steinbach, Numerical Approximation Methods for Elliptic
Boundary Value Problems (Springer, New York, NY, 2008).

60D. R. Olson and D. Jackson, “Scattering from layered seafloors:
Comparisons between theory and integral equations,” The Jour-
nal of the Acoustical Society of America 148(4), 2086–2095
(2020) doi: mu10.1121/10.0002164.

61T. W. Wu, ed., Boundary Element Acoustics: Fundamentals and
Computer Codes (WIT Press, Southampton, UK, 2000).

62M. J. Isakson and N. P. Chotiros, “Finite element modeling of
acoustic scattering from fluid and elastic rough interfaces,” IEEE
Journal of Oceanic Engineering 40(2), 475–484 (2015) doi: mu10.
1109/joe.2014.2313060.

63F. N. Fritsch and J. Butland, “A method for constructing lo-
cal monotone piecewise cubic interpolants,” SIAM Journal on
Scientific and Statistical Computing 5(2), 300–304 (1984) doi:
mu10.1137/0905021.

64D. E. Amos, “Algorithm 644: A portable package for Bessel
functions of a complex argument and nonnegative order,” ACM
Transactions on Mathematical Software 12(3), 265–273 (1986)
doi: mu10.1145/7921.214331.

65B. Kernighan and D. Ritchie, The C Programming Language,
2nd ed. (Prentice Hall, 1988), muhttps://books.google.com/
books?id=FGkPBQAAQBAJ.

66J. Neyman and E. S. Pearson, “The testing of statistical hy-
potheses in relation to probabilities a priori,” Mathematical Pro-
ceedings of the Cambridge Philosophical Society 29(4), 492–510
(1933) doi: mu10.1017/s030500410001152x.

67O. I. Yordanov and K. Ivanova, “Kirchhoff diffractals,” Journal
of Physics A: Mathematical and General 27(17), 5979 (1994).

68D. M. Drumheller and R. F. Gragg, “Evaluation of a fundamen-
tal integral in rough-surface scattering theory,” J. Acoust. Soc.

America 110(5), 2270–2275 (2001) doi: mu10.1121/1.1412445.
69D. R. Jackson, D. P. Winebrenenr, and A. Ishimaru, “Compar-

ison of perturbation theories for rough-surface scattering,” J.
Acoust. Soc. America 83, 961 – 969 (1988).

70E. G. Liszka and J. J. McCoy, “Scattering at a rough bound-
ary - extensions of the kirchhoff approximation,” J. Acoust. Soc.
America 71, 1093–1100 (1982).

71A. G. Voronovich, “Non-local small-slope approximation for wave
scattering from rough surfaces,” Waves in Random Media 6(2),
151–167 (1996) doi: mu10.1088/0959-7174/6/2/005.

72E. I. Thorsos and D. R. Jackson, “Studies of scattering theory
using numerical methods,” Waves Random Media 1(3), S165–
S190 (1991) doi: mu10.1088/0959-7174/1/3/014.

73J. S. Chen and A. Ishimaru, “Numerical simulation of the second-
order kirchhoff approximation from very rough surfaces and a
study of backscattering enhancement,” J. Acoust. Soc. America
88, 1846–1850 (1990).

74A. G. Voronovich, “A two-scale model from the point of view of
the small-slope approximation,” Waves Rand. Media 6(1), 73–83
(1996) doi: mu10.1088/13616679609409796.

75J. H. Lambert, Photometria sive de mensure de gratibus luminis,
colorum umbrae (Eberhardi Klett, 1760).

76Subsequent research has shown the original Lambert model to be
insufficient (e.g. see Hapke88 and references therein).

77E. Kunz and R. Gauss, “Bottom backscattering strengths mea-
sured at 2-5 kHz in shallow water west of scotland,” in Proceed-
ings of OCEANS 2005 MTS/IEEE, IEEE (2005), doi: mu10.
1109/oceans.2005.1640008.

78R. J. Urick, “The backscattering of sound from a harbor bottom,”
J. Acoust. Soc. America 26, 231–235 (1954).

79C. M. McKinney and C. D. Anderson, “Measurements of
backscattering of sound from the ocean bottom,” J. Acoust. Soc.
America 36, 158–163 (1964).

80M. B. Fairbairn, “Planetary photometry: The Lommel-Seeliger
law,” Proc. Roy. Astr. Soc. Can. 99(3), 92–93 (1999).

81P. M. Ogden and F. T. Erskine, “Surface scattering measure-
ments using broadband explosive charges in the critical sea test
experiments,” The Journal of the Acoustical Society of America
95(2), 746–761 (1994) doi: mu10.1121/1.408385.

82J. A. Gruber and D. R. Olson, “Scattering measurements of rocky
seafloors using a split-beam echosounder,” JASA Express Letters
4(2) (2024) doi: mu10.1121/10.0024755.

83R. P. Chapman and J. H. Harris, “Surface backscattering
strengths measured with explosive sound sources,” The Journal
of the Acoustical Society of America 34(10), 1592–1597 (1962)
doi: mu10.1121/1.1909057.

84S. M. Joshi, “Quantifying three dimensional effects in acous-
tic rough surface scattering,” Master’s thesis, The University of
Texas at Austin (2011).

85L. Hellequin, J. M. Boucher, and X. Lurton, “Processing of
high-frequency multibeam echo sounder data for seafloor char-
acterization,” IEEE J. Oceanic En 28(1), 78–89 (2003) doi:
mu10.1109/JOE.2002.808205.

86G. Le Chenadec, J.-M. Boucher, and X. Lurton, “Angular de-
pendence of K-distributed sonar data,” IEEE Trans. Geosci.
Rem. Sens. 45(5), 1224–1235 (2007) doi: mu10.1109/TGRS.2006.
888454.

87A. P. Lyons, D. R. Olson, and R. E. Hansen, “Modeling the effect
of random roughness on synthetic aperture sonar image statis-
tics,” The Journal of the Acoustical Society of America 152(3),
1363–1374 (2022) doi: mu10.1121/10.0013837.

88B. Hapke, “Bidirectional reflectance spectroscopy: 1. theory,”
Journal of Geophysical Research: Solid Earth 86(B4), 3039–3054
(1981) doi: mu10.1029/jb086ib04p03039.

J. Acoust. Soc. Am. / 7 August 2026 Validity criteria of the small-slope approximation 19

https://doi.org/10.1121/1.424345
http://https://doi.org/10.1121/10.0000470
http://https://doi.org/10.1121/10.0000470
https://doi.org/10.1121/10.0000470
https://doi.org/10.1109/joe.2017.2658418
https://doi.org/10.1109/joe.2017.2658418
https://doi.org/10.1121/10.0002974
https://doi.org/10.1016/j.margeo.2019.03.010
https://doi.org/10.1007/bf01449156
https://doi.org/10.1121/10.0002164
https://doi.org/10.1109/joe.2014.2313060
https://doi.org/10.1109/joe.2014.2313060
https://doi.org/10.1137/0905021
https://doi.org/10.1145/7921.214331
http://https://books.google.com/books?id=FGkPBQAAQBAJ
http://https://books.google.com/books?id=FGkPBQAAQBAJ
https://doi.org/10.1017/s030500410001152x
https://doi.org/10.1121/1.1412445
https://doi.org/10.1088/0959-7174/6/2/005
https://doi.org/10.1088/0959-7174/1/3/014
https://doi.org/10.1088/13616679609409796
https://doi.org/10.1109/oceans.2005.1640008
https://doi.org/10.1109/oceans.2005.1640008
https://doi.org/10.1121/1.408385
https://doi.org/10.1121/10.0024755
https://doi.org/10.1121/1.1909057
https://doi.org/10.1109/JOE.2002.808205
https://doi.org/10.1109/TGRS.2006.888454
https://doi.org/10.1109/TGRS.2006.888454
https://doi.org/10.1121/10.0013837
https://doi.org/10.1029/jb086ib04p03039

