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ABSTRACT:
In this work, a model is developed for the effect of seafloor interface roughness on passive estimates of the reflection

coefficient. The main result is an expression for the total intensity reflection coefficient, with separate coherent and

incoherent contributions. Assumptions of this model include constant sound speed in the ocean, stationary and

Gaussian seafloor roughness, and ambient noise. Numerical examples for the coherent, incoherent, and total

contributions to the intensity reflection coefficient are presented for halfspace and layered environments—all using

the small slope approximation. To illustrate the potential parameter errors that results from using a flat interface

wave model when roughness is present, a geoacoustic inversion is performed using the proposed model as input

data. A joint roughness-geoacoustic inversion of simulated data using the proposed model was also performed. It

was found that the true roughness and geoacoustic parameters can be inverted using this model, but the sensitivity to

the outer scale of the rough surface has the highest error compared to the other parameters.
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I. INTRODUCTION

The reflection coefficient of the seafloor contains a great

deal of information about its layering structure, more specif-

ically, its geoacoustic properties—the sound speed, density,

and attenuation of its layers, and their sizes (Dettmer et al.,
2010; Holland and Dettmer, 2013). Inverse techniques based

on Bayes’ theorem have been extensively employed to

extract this information from both active (Ballard et al.,
2018; Dettmer et al., 2010) and passive (using ambient

sound) estimates of the reflection coefficient (Quijano et al.,
2013, 2012). The passive technique has advantages because

it does not require an active source and has low environmen-

tal impact, and has recently become popular for remote

sensing of the ocean interior and boundaries (Brooks and

Gerstoft, 2009; Godin et al., 2014; Li et al., 2020, 2021;

Woolfe et al., 2015; Zhou et al., 2022).

In the presence of roughness, the measured reflection

coefficient can be altered compared to the flat interface case

(Eckart, 1953; Jackson and Richardson, 2007), due to sound

scattered away from the specular direction. This alteration

can cause a mismatch between inverted geoacoustic proper-

ties and the true properties if a flat interface model is used in

the inversion. A common way of incorporating the effect of

roughness is to use the Kirchhoff approximation (Eckart,

1953), to calculate the coherent reflected field. In this

approximation, the magnitude of the mean of the complex

reflection coefficient, jRcðhÞj, is

jRcðhÞj ¼ RflatðhÞe�2k2h2 sin2h; (1)

where Rflat is the flat-interface reflection coefficient, the

exponential term is known as the Eckart factor, and

kh sin h=2 is the Rayleigh parameter. Here, k is the acoustic

wavenumber in water and h is the root mean square (rms)

interface height. The coherent reflection coefficient takes

into account the loss of coherent energy in the specular

direction due to energy scattered into other angles when the

incident field is composed of a monochromatic plane wave.

Use of the coherent reflection coefficient is appropriate for

comparison to measurements of the mean complex pressure

(i.e., a coherent average) over independent areas of the sea-

floor. Layered seafloors have a much more complicated rela-

tionship between the rms roughness and the coherent

reflection coefficient (Jackson and Olson, 2020).

Backscattering measurements have also been performed

in conjunction with reflection measurements, for the pur-

poses of remote sensing both roughness and geoacoustic

properties, using a controlled active source and a directive

receiver array (Steininger et al., 2013). These types of mea-

surements are highly informative, because the reflection

coefficient and scattering cross section are influenced by

roughness and the geoacoustic properties in different ways

and can provide complimentary information. However, the

work by Steininger et al. (2014) and Steininger et al. (2013)

used inconsistent assumptions regarding the reflected and

scattered field. Namely, it was assumed that the reflected

field was unaffected by interface roughness, whereas energy

conservation requires that the specular field be altered due

to the backscattered energy that was measured. Forward

modeling using the Langston-Kirchhoff was used to analyze

active reflection measurements from a complicated innera)Electronic mail: derek.olson@nps.edu
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shelf area in with a layered seafloor with rough interfaces

(Holland et al., 2017). The assumptions used in this forward

modeling were consistent, but no inversion was present

because the model used was only applicable to individual

realizations of seafloor roughness.

The concepts of coherent reflection coefficient and scat-

tering cross section are quite useful when the incident field

is produced by a coherent source with a narrow beam pattern

(or the incident field has a well-defined direction and is

measured by a system that can resolve directions). In mea-

surements using ambient sound (particularly using wind-

generated sound) the coherent reflection coefficient and

scattering cross section are not directly observable quanti-

ties. First, the source is incoherent, meaning that the phase

relationship between the incident (downgoing components)

and reflected waves (upgoing components) is unknown.

Second, the average over areas of the seafloor takes place

incoherently. Last, passive measurements use incident fields

that are composed of a continuum of plane wave directions

(Kuperman and Ingenito, 1980).

In this work, a model is developed for the effect of

roughness on passive measurements of the reflection coeffi-

cient. The analysis is based on using a known incident

down-going spectrum (measured by an array) and employs

the T-matrix for the relationship between the downgoing

and upgoing plane wave components. This matrix contains

all information regarding reflection and scattering from a

heterogeneous seafloor [Jackson and Richardson (2007),

Appendix J]. The following assumptions are made here: (1)

the water column has a constant sound speed with no attenu-

ation, (2) the noise field is produced by a diffuse sources

near the surface (i.e., no discrete sources such as ships, or

noncoherent sources such as thermal noise), (3) the reflec-

tion coefficient can be estimated by the ratio of the upward

to downward noise intensity in a given beam (which is

related to the first assumption), and (4) the roughness and

noise field are both stationary random fields with zero mean.

This model could be used to analyze data collected at sea,

for example, within the commonly used Bayesian approach

that is commonly used (Ballard et al., 2018; Dettmer et al.,
2010; Quijano et al., 2012). For environments with variable

sound speed profiles and attenuation, geoacoustic inversion

requires more detailed modeling of the noise covariance

matrix, which was discussed by Muzi et al. (2015), Siderius

and Gebbie (2019), and Siderius et al. (2010). The model

developed in the present work could be extended to more

realistic environments in future work.

A related problem has been studied by Voronovich (1999)

(Chap. 7), who derived expressions for the pressure covariance

in a stratified waveguide with a rough sea surface and a flat

bottom using distributed surface noise sources and the diffu-

sion approximation. That analysis was focused on the covari-

ance and used a rough sea surface and flat seafloor. For the

work presented here, the mathematics is considerably simpli-

fied compared to Voronovich’s work due to the ability to

estimate plane wave components with vertical line array.

Additionally, the focus here is on the role of seabed roughness.

This paper is organized as follows. In Sec. II, the basic

concepts necessary for the model derivation are presented.

In Sec. III, the model for the effect of roughness scattering

on the reflection coefficient is derived. In Sec. IV some

numerical examples of the model for different environments

and roughness parameters are given. In Sec. V, two exam-

ples of inverse methods are performed. First the effects of

roughness on inversion are demonstrated by fitting a flat

interface model to simulated data generated using the pro-

posed model. Second, the proposed model is used both as

simulated data and forward model to perform a joint

roughness-geoacoustic inversion to demonstrate the feasibil-

ity of recovering roughness parameters using passive techni-

ques. Conclusions are given in Sec. VI.

II. BASIC DEFINITIONS

In this section, the environment of the problem, as well

as a few basic concepts necessary for the model derivation

are presented. Following the convention used by Jackson

and Richardson (2007), boldface capital letters are two

dimensional vectors. The sound speed in the isovelocity

water column is cw. The frequency is f and k ¼ 2pf=cw.

Consequently, k is constant in the water column. Let the

downgoing Fourier amplitude of plane waves be defined by

W�ðKÞ, where K ¼ ðKx;KyÞ is the horizontal wave vector.

The downgoing plane wave spectrum will be called the inci-

dent spectrum. The grazing angle given by this vector is cal-

culated by

h ¼ cos�1 K

k

� �
; (2)

where K ¼ jKj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

x þ K2
y

q
is the magnitude of the hori-

zontal wavenumber.

It is assumed that the passive array results in a good

estimate of W�, although this may not be a good assumption

for very low noise levels. The effect of the beam response

on this model could easily be included, e.g., using the for-

mulas presented in Clark (2007) for the measured beam

noise, given knowledge of the true ambient sound field and

the array response. An ideal beam response is assumed here

for simplicity.

Interaction with the seafloor produces an up-going

plane wave complex amplitude spectrum, WþðKÞ, which is

referred to as the scattered spectrum. For scattering from

interface roughness, or volume heterogeneities, the incident

and scattered plane wave spectra are connected through the

T-matrix [Jackson and Richardson (2007), Appendix J],

WþðKsÞ ¼
ð ð

W�ðKiÞTðKs;KiÞ d2Ki: (3)

The T-matrix is the transfer function connecting the ampli-

tude and phase of incident and scattered plane wave compo-

nents. This relationship assumes a single interaction

between the incident field and scattered field, which is con-

sistent with the assumptions of passive reflection estimates

(Harrison and Simons, 2002; Muzi et al., 2015). In general,
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the rough interface may have a significant impact on the

directionality of the ambient sound field [Voronovich

(1999), Chap. 7], but in this work the only concern is with

the intensity ratio between the up and downgoing plane

wave components.

Although the T-matrix can be used to characterize the

scattered field from both roughness and volume heterogen-

ities, attention is restricted here to interface roughness. Let

the vertical deviation of the rough interface from a horizon-

tal plane be specified by fðRÞ, where R ¼ ðx; yÞ is the 2D

horizontal coordinate vector. The rough interface is assumed

to be centered at the mean water depth, so we may treat it as

a zero-mean random field. The rough interface is assumed to

follow a Gaussian distribution and exhibit wide-sense statio-

narity. Therefore, it is completely characterized by its auto-

covariance function and power spectral density. Let the 2D

Fourier transform of fðx; yÞ be

ZðKÞ ¼ 1

ð2pÞ2
ð1
�1

ð1
�1

fðx; yÞeiðkxxþkyyÞdxdy: (4)

Then, the power spectrum, WðKÞ, is defined by

WðKÞdðK�K0Þ ¼ hZðKÞZ�ðK0Þi: (5)

The rms height, h of the interface is defined by

h2 ¼ hjfðx; yÞj2i ¼
ð1
�1

ð1
�1

WðKÞd2K: (6)

A specific form of the power spectrum is used when presenting

numerical results (in Sec. IV), called the von K�arm�an spec-

trum. This model is horizontally isotropic, and defined by

WðKÞ ¼ w2

L�2
0 þ K2

� �3=2
; (7)

where w2 is the spectral strength and sets the overall level of

the spectrum. L0 is the outer scale and sets the largest length

scale of the power law surface. In general, this spectral form

raises the denominator of Eq. (7) to the power of an expo-

nent, c/2, but c is set to 3 in this model. This restriction is

made so that the recently developed fast series approxima-

tion for the Kirchhoff integral (which enables the use of the

small slope approximation) can be used, since the series

approximation has only been used for c¼ 3. The von

K�arm�an model is commonly used for natural rough surfaces,

which typically exhibit power-law behavior at high wav-

neumbers (Brown and Scholz, 1985). The outer scale deter-

mines the location in wavenumber space at which the model

transitions from a power-law at high wavenumbers to a con-

stant at low wavenumbers. This location is K0 ¼ L�1
0 , and is

used to parameterize the outer scale hereafter. Note that L0

is not analogous to a correlation length or length scale that

is used in the Gaussian roughness spectrum (Thorsos, 1988),

since power law roughness is multiscale.

An important parameter of the rough interface is its

mean square value, h2, which is given by [Jackson and

Richardson (2007), Appendix D]

h2 ¼ 2pw2

K0

: (8)

The non-dimensional parameter kh will be used extensively

in the numerical examples given later. Large values of kh
indicate significant scattering, and small values indicate less

significant scattering. The degree of incoherent scattering,

vs coherent reflection can be evaluated for simple cases

using the Rayleigh factor. For this work, it will be quantified

by the incoherent and coherent contributions to the total

reflection coefficient, models for which are derived in Sec.

III. Similarly, the dimensionless inverse outer scale will be

denoted K0=k.

The sediment geoacoustic properties consist of the

sound speed, density, and attenuation. If the sediment con-

tains layers, then layer thickness is used as well. These prop-

erties are parameterized using � for the sound speed ratio

between the sediment and water, aq for the density ratio

between the sediment and the water, and a as the sediment

attenuation in dB/m/kHz. Layer thickness is denoted as d.

III. MODEL DEVELOPMENT

In passive estimates of seabed reflection for an isove-

locity ocean, the goal is to measure the ratio of average

downgoing intensity of the ambient sound field at a given

angle to the average upgoing intensity at that same angle.

The purpose of this section is to derive an expression for

this ratio in terms of the scattering cross section, coherent

reflection coefficient, and downgoing plane wave intensity.

The amplitude ratio between the downgoing and

upgoing plane wave components is

RPðKÞ ¼ WþðKÞ
W�ðKÞ : (9)

Since the incident field is a zero-mean random variable, and

the rough interface is also assumed to be random, the first

moment of the field is zero. The second moment is used

instead, and requires two formal averages, one over the inci-

dent field, the other over the roughness realizations. This

second moment is expressed by

hhRPðKÞRP�ðK0ÞiW�if ¼
hhWþðKÞWþ�ðK0ÞiW�if
hW�ðKÞW��ðK0ÞiW�

; (10)

where the subscripts on the brackets indicate the random

variable over which the average is taken. The denominator

only has a single average because we assume that the down-

going plane wave spectrum is accurately measured by the

vertical line array. The downgoing components will be

affected by scattering (due to multiple interactions with the

seabed for distant noise sources), but we are concerned with

the ratio rather than the total ambient noise field. This

assumption is consistent with the standard assumptions of

passive reflection measurements (Harrison and Simons,

2002; Muzi et al., 2015). The second moment written above

is general enough that it takes into account cross-beam
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coherence, i.e., hW�ðKÞW�ðK0Þi, but the most general form

is not analyzed here. The downgoing plane wave spectrum

is characterized using

hjW�ðKÞj2iW� ¼ D�ðKÞ; (11)

where D�ðKÞ is the mean pressure squared for each plane

wave component (i.e., grazing angle) of the downgoing

plane wave spectrum, and is typically estimated using a ver-

tical line array.

A specific form for the numerator of Eq. (10) can be

calculated using the definition of the T-matrix, Eq. (3) and

restricting to the case K0 ¼ K, resulting in

hhWþðKÞWþ�ðKÞiW�if

¼
ð ð ð ð

hW�ðKiÞW��ðKiÞi

� hTðK;KiÞT�ðK;K0iÞi d2Kid
2K0i : (12)

To simplify this result, we define the total second moment

of the T matrix as

CðK;K0;Ki;K
0
iÞ ¼ hTðK;KiÞT�ðK0;K0iÞi: (13)

The total second moment can be split into a coherent

component,

Cc ¼ hTðK;KiÞihTðK0;K0iÞi
�; (14)

and an incoherent component,

Ci ¼ C� Cc ¼hTðK;KiÞT�ðK0;K0iÞi
�hTðK;KiÞihTðK0;K0iÞi

�: (15)

The second moment of the upgoing spectrum, Wþ can also be

split into coherent and incoherent contributions, hjWþc ðKÞj
2i

and hjWþi ðKÞj
2i, where

hjWþðKÞj2i ¼ hjWþc ðKÞj
2i þ hjWþi ðKÞj

2i: (16)

Some simplifications can be made if the rough interface

is wide-sense stationary. Under this assumption, Ci is sub-

ject to the following property (Jackson and Richardson,

2007; Voronovich, 1999; Zipfel and DeSanto, 1972):

CiðK;K0;Ki;K
0
iÞ ¼ ~CiðK;Ki;K

0
iÞ

� dðK�Ki � ðK0 �K0iÞÞ: (17)

The tilde version of Ci allows the number of arguments to

be reduced by one. The scattering cross section per unit

solid angle per unit area (hereafter referred simply as the

“scattering cross section”) is related to ~Ci through

rðKs;KiÞ ¼ k2
sz

~CiðKs;Ki;KiÞ; (18)

where kz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k � jKj2

q
is the vertical component of the wave

vector (in this case the scattered wave vector). The scattering

cross section characterizes the incoherent intensity scattered

into different wavenumber components, or angles, compared

to the incident intensity, and is dimensionless [Jackson and

Richardson (2007), Chap. 2]. The incoherent contribution to

the upgoing plane wave spectrum is computed by integrating

through Eq. (12) by K0i and using the definition of Ci in terms

of r, resulting in

hjWþi j
2i ¼ k�2

sz

ð ð
rðK;KiÞDðKiÞ d2Ki : (19)

The coherent second moment of C can be simplified,

again using the assumption of wide-sense stationarity,

resulting in

CcðK;K0;Ki;K
0
iÞ ¼RcðKÞR�cðK0Þ
� dðK�KiÞdðK0 �K0iÞ ; (20)

where Rc is the coherent reflection coefficient and itself is

defined as

RcðKÞdðK�KiÞ ¼ hTðK;KiÞi: (21)

With these two delta functions, the coherent contribution of

the upgoing plane wave spectrum can be computed as

hjWþc ðKÞj
2i ¼ D�ðKÞjRcðKÞj2: (22)

The physical interpretation of this result is that the upgoing

plane wave spectrum at each wavenumber is proportional to

the downgoing wave spectrum multiplied by the coherent

power reflection coefficient.

Putting together Eqs. (10), (11), (16), (19), and (22), the

total passive intensity reflection coefficient for an inhomo-

geneous seafloor can be calculated as

hjRPðKÞj2i ¼ jRcðKÞj2 þ jRiw K;D�ðKÞð Þj2; (23)

where the first term is the magnitude squared coherent

reflection coefficient and has been defined in Eq. (21). The

second term is the weighted incoherent reflection coeffi-

cient, defined by

jRiwðK;D�ðKÞÞj2 ¼
1

D�ðKÞk2
z

ð ð
rðK;KiÞD�ðKiÞd2Ki ;

(24)

where the downgoing plane wave intensity, D�ðKÞ is used

as a weighting function. Equations (21), (23), and (24) con-

stitute the main results of this work.

The quantity Riw is similar to the incoherent reflection

coefficient, Ri, which has been previously discussed in the

literature, e.g., Appendix L of Jackson and Richardson

(2007). These two quantities are equal if D� is a constant

function of angle and wavenumber. Since the scattering

cross section and coherent reflection coefficient are both

dimensionless, Eqs. (23) and (24) are readily verified to be

dimensionally consistent.

These wavenumber integrals have domains of 61 for

both Kix and Kiy. When the horizontal wavenumber magnitude
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is greater than k, then the incident waves become evanescent.

If these evanescent components are neglected, then the

domain of integration can be restricted to jKij < k, and the

integration can be converted to real angle, instead of wave-

number [see, e.g., Holland et al. (2012)]. Making this substi-

tution and restricting the domain of integration results in

hjRiwðhÞj2i ¼ D� hð Þsinhð Þ�1

�
ð ð

rðh;hi;/iÞD�ðhiÞcoshi dhid/i: (25)

The scattering cross section is, in general, a function of both

the incident azimuthal angle, /i, and the scattered azimuthal

angle, /s. However, for isotropic roughness, r can only

depend on /s � /i, and either one may be used alone. The

angle h is the grazing angle at which the array is steered to

estimate the reflection coefficient.

Equations (23) and (25) have a simple interpretation.

The total scattered energy is due to the sum of coherent and

incoherent components. The coherent component is reduced

compared to the flat-interface component due to scattering

out of the specular direction. In the second term in Eq. (23),

incoming waves from all directions are scattered into the

wave vector with horizontal component K, and angle h.

Their relative contribution to the incoherent field in that

angle is set by both the incident plane wave power spectrum,

D�, and the bistatic scattering cross section r.

This process of loss of coherent intensity is graphically

illustrated in Fig. 1(a). There, an incoming plane wave is

shown by a red arrow with a pointed tip and rounded end.

Outgoing scattered incoherent waves are shown by green

arrows. A vertical line array is shown in gray and is steered

in the specular angle of the incoming plane wave. A black

dashed arrow shows the flat interface reflected wave,

whereas the yellow dotted line shows the coherent compo-

nent in the presence of roughness. Note that some incoher-

ent energy is also scattered into the specular direction. The

lengths of the arrows are meant to show the relative inten-

sity of the acoustic waves propagating in various directions,

but their lengths are not drawn to scale.

In Fig. 1(b), the contributions to the incoherent compo-

nent are graphically illustrated. If the incident power spectrum

is assumed to be constant with angle (the omnidirectional

case), then the relative contributions are determined only by r
and kz. The lengths of the incoming red arrows with rounded

ends are meant to show the relative contributions of each

incoming plane wave component to the angle, h, sensed by

the vertical line array, shown in gray. The incoherent contri-

bution is shown as a purple outgoing wave that has the same

direction as the black dashed line in Fig. 1(a).

The degree of incoherent and coherent scattering

depends strongly on the ratio h=k. As h increases compared

with k, the coherent component generally decreases, and the

incoherent component increases. In some cases, such as lay-

ered seafloors, the coherent contribution increases with

increasing h=k due to the disruption to the near-perfect can-

celation that can sometimes occur with layering. The coherent

reflection coefficient depends only on the rms roughness, h,

and depends on the outer scale only through the dependence

of h on K0 [see Jackson and Olson (2020) and Olson and

Jackson (2020) for further discussion and details]. The inco-

herent component may depend strongly on the outer scale,

since the scattering cross section is narrow near the specular

direction for K0 small compared to k and broadens as K0

increases. Simple formulae for the coherent and incoherent

component are not available at present but could be derived

using approximations to some of the scattering models used

here. Care must be taken when employing approximations

because energy conservation must be upheld here.

Additionally, traditional simplifications for layered seafloors,

such as the Eckart factor have recently been shown to be

inaccurate Jackson and Olson (2020). The relative importance

of these two terms is explored in Sec. IV.

Some considerations for using a model to compute the

coherent and incoherent components of Eq. (23) must be

stated. Since integration over all incident and scattered

angles is performed in that integral, any model used for the

scattering cross section should be accurate over all angles.

FIG. 1. (Color online) Diagram representing the two contributions to the

passive intensity reflection coefficient. In (a) the red arrow shows a single

incident plane wave, whose intensity reflection from a flat interface is

denoted by a black dashed line. In the presence of roughness, intensity is

scattered into no-specular directions, represented by the green arrows. The

reduced coherent intensity, jRcj2, due to scattering is represented by the dot-

ted yellow line. In (b) the incoherent contributions to a single plane wave

direction measured by the array is shown by a purple line. The red lines

with dots at the end represent the contributions to the incoherent component

from other angles. The arrow length represents the contribution to the inten-

sity from that particular direction. The directionality of the incident noise

field is not shown in this diagram.

590 J. Acoust. Soc. Am. 153 (1), January 2023 Derek R. Olson

https://doi.org/10.1121/10.0016846

https://doi.org/10.1121/10.0016846


The Kirchhoff approximation [Jackson and Richardson

(2007), Chap. 13], is considered to be accurate only near the

specular direction (Thorsos, 1988, 1990). Perturbation the-

ory is typically considered to be accurate away from the

specular direction, but in some circumstances may be accu-

rate over the entire angular range (Thorsos et al., 2000) if

the outer scale of the rough interface is comparable to the

acoustic wavelength. The small slope approximation is con-

sidered to be accurate over the entire angular range, but over

a wider set of roughness parameters than perturbation theory

[Jackson and Richardson (2007), Chap. 13]. Due to the inte-

grals over angle required for the weighted incoherent reflec-

tion coefficient, the small-slope approximation is preferred

over the other models in this work.

The form of the main result for Eq. (23) has some simi-

larity to the modelled effect of noncoherent noise on passive

reflection measurements. Quijano et al. (2012) modeled the

effect of noncoherent ambient noise (i.e., noise that is not

useful for environmental inference, such as flow noise or

thermal noise) as the ratio of the sum of two terms—the

upward (or downward) propagating field from coherent

noise sources and a signal to noise dependent term. This

functional form of the effect of noncoherent noise is quite

similar to the main result here. In fact, when ambient noise

produced at the surface is incoherently scattered by the sea-

floor, it becomes a source of non-coherent noise, but with a

different angular dependence. In Quijano et al. (2012), the

SNR per frequency bin was estimated, and it is possible that

a fraction of the energy of the non-coherent noise field in

that experiment was due to seabed scattering, since all sea-

floors are rough to some degree. Although this aspect is not

explored here, an interesting area for future work to disen-

tangle noncoherent ambient sound due to incoherent seabed

scattering and other sources. The precise characteristics of

the array (e.g., spacing, length) and processing techniques

would need to be taken into account.

IV. NUMERICAL EXAMPLES

In this section, several numerical results are presented

using a halfspace model, and a layered seafloor. The half-

space small slope approximation (Gragg et al., 2001), and

the recently developed small slope approximation for lay-

ered media (Jackson and Olson, 2020) are used for the

coherent reflection coefficient and scattering cross section

in their respective cases. First, separate curves of the flat

interface, coherent, incoherent, and total reflection coeffi-

cient are presented—all assuming an omnidirectional ambi-

ent noise field. These plots serve to show the basic

contributions of each term to the total, and how the total

may differ from the flat interface case. Next, the effect of a

directional spectrum is examined, using measured noise

directionality data at about 2.5 kHz from (Clark, 2007). In

all cases the roughness parameters are varied between very

slightly rough (kh¼ 0.05), and very rough (kh¼ 0.5). The

rms heights of these limiting cases are 1.31 and 13.1 cm,

respectively.

For reference, the rms height in historical seafloor

roughness measurements reported in Table VI.1 of Jackson

and Richardson (2007) have an upper limit of 4.10 cm for an

area with shell hash, and an average value of 0.77 cm.

However, all of these measurements were one-dimensional,

and over a length of approximately 1 m. Surfaces with

power-law roughness have mean square values that increase

as the measurement length or area is increased, so these

reports of h are likely an underestimate, compared with the

scales that ambient noise sources interact with the seabed. If

these scales are 10 or 100 times the size of the roughness

measurement system used for the historical measurements,

then the average value of the rms roughness could poten-

tially be over 30 cm. Therefore, the upper limit here of

13.1 cm for h is relatively modest for passive estimates of

the seafloor reflection coefficient.

The specific parameters of the von K�arm�an spectrum

are given in Table I. Only the spectral strength is varied to

change the non-dimensional rms roughness, kh. All simula-

tions in this section are performed at 2473 Hz, so that the

directional noise spectrum published in Clark (2007) can be

used. A water sound speed of 1500 m/s was used. The outer-

scale was set to L0 ¼ 5=k, and the spectral exponent was set

to c2 ¼ 3, so that the fast approximation of the Kirchhoff

integral developed in Olson (2021) could be used. The spec-

tral strength varied in order to set kh to the values

½0:05; 0:1; 0:3; 0:5�. These roughness parameters were used

in both the halfspace and layered simulations.

A. Halfspace example

For the halfspace, a medium with the sound speed ratio,

density ratio, and attenuation parameters in the rightmost col-

umn of Table II was used. These parameters are close to a

medium sand and support a critical angle. The rough interface

parameters are specified in Table I. For the halfspace example,

the coherent reflection coefficient and scattering cross section

are calculated according to the lowest-order halfspace small-

slope approximation, expressions for which can be found in

Chap. 13 of Jackson and Richardson (2007). The coherent

reflection coefficient is the same as under the Kirchhoff

approximation, and is the Eckart factor from Eq. (1). In the

incoherent reflection coefficient, the small slope approximation

requires calculation of the Kirchhoff integral, and the func-

tional Taylor series developed in (Olson, 2021) is used here.

First, the flat interface reflection coefficient is compared

to the coherent, incoherent and total (coherent plus incoherent)

TABLE I. Roughness parameters used in the numerical examples.

Parameter Symbol kh¼ 0.05 kh¼ 0.1 kh¼ 0.3 kh¼ 0.5

Spectral

strength

w2 [m4�c2 ] 7:68� 10�6 3:08� 10�5 2:77� 10�4 7:68� 10�4

Spectral

exponent

c2 [—] 3 3 3 3

Inv. outer

scale

K0 [m�1] 2.08 2.08 2.08 2.08
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reflection coefficients from the model in Fig. 2. All reflection

coefficients are plotted as the magnitude square, which is also

the intensity reflection coefficient. In this figure, an omnidirec-

tional incident noise spectrum is used, so that the effect of the

scattering cross section and plane wave coherent reflection

coefficient can be examined alone. In each subfigure, a differ-

ent set of roughness parameters is used, specified by kh.

Overall, the coherent reflection coefficient is uniformly lower

than the flat interface coefficient, as it must be in the Eckart

model (Eckart, 1953). As kh is increased, the coherent reflec-

tion coefficient decreases, and the incoherent contribution

increases. For small values of kh (0.05 and 0.01), the incoher-

ent component is essentially zero, and the total and flat inter-

face coefficients are essentially equal. For a moderate value of

kh¼ 0.3, the incoherent contribution is small, but non-

negligible. In this case, the total reflection coefficient is still

approximately equal to the flat-interface coefficient. For the

largest roughness case, the total and flat interfaces quantities

are still close. However, the total reflection coefficient is

slightly lower than the flat interface case at steep angles, and

greater at very shallow angles (less than about 20�).

Next, the bottom loss is compared between the total

omnidirectional, total directional, and flat interface reflec-

tion coefficients. Bottom loss, BL, is defined as

BL ¼ �20 log10jRj; (26)

where R is any of the reflection coefficients discussed in this

work. The downgoing noise spectrum was taken from Clark

(2007), and is plotted in Fig. 3. Although the specific rough-

ness and geoacoustic characteristics of the seafloor, as well

as the sound speed profile and surface characteristics deter-

mine the ambient sound directionality pattern, this measure-

ment from the literature is used here for illustrative

purposes. To perform a real geoacoustic inversion using

ambient noise in the presence of a rough seafloor, the actual

down-going spectrum would be available from the vertical

array.

For the purposes of this paper, the most relevant feature

of the directionality pattern is a region of very low intensity

near horizontal angles which is sometimes present in ocean

ambient sound measurements (Harrison, 2018; Rouseff and

Tang, 2006). This feature causes the steep angle portion of

the contributions in Eq. (24) to the incoherent reflection

coefficient to be highly weighted, even if the scattering cross

section is sharply peaked near the specular direction and the

beam angle h is small. This region of low intensity is not

always present. The directionality in Fig. 3 also suggests a

layered seafloor, since peaks and nulls are visible in both the

downgoing and upgoing portions. However, in the down-

going plane wave spectrum, the oscillations due to seafloor

interference are very small compared to the intensity differ-

ence between steep and shallow angles.

TABLE II. Geoacoustic properties for each of the numerical examples. The

rightmost column contains parameters for the single interface example

(halfspace), and the second and third from the right columns contain param-

eters for the single layer example.

Parameter Symbol Layer Basement Halfspace

Sound speed ratio � [m/s] 1.05 1.80 1.17

Density ratio aq [kg/m3] 1.8 2.5 1.8

Attenuation a [dB/m/kHz] 0.02 0.01 0.02

Thickness d [m] 0.81 — —

FIG. 2. (Color online) Coherent, inco-

herent, and total contributions to the

intensity reflection coefficient for a

halfspace compared with the flat-

interface case. Various roughness

parameters are plotted, and an omnidi-

rectional noise field is used as the inci-

dent field.
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Using this measurement for D�ðhÞ in the incoherent

weighted reflection coefficient, Eq. (24), results for total bot-

tom loss are plotted in Fig. 4. Here, the flat interface, omni-

directional total, and directionally weighted total reflection

coefficients are compared, again for the halfspace case. The

kh¼ 0.05 case was neglected here since the BL curves were

essentially the same as the kh¼ 0.1 case. The three curves

diverge slightly as kh is increased. Also, BL is slightly

negative for the directional source and large kh values. For a

single plane wave incident field, negative bottom loss is

non-physical, but arises in this case due to the nonuniform

intensity distribution of the incident plane wave spectrum.

B. Single layer example

The second numerical example consists of a single layer

with a halfspace below. The water-sediment interface is

rough, and the layer-basement interface is flat. The parame-

ters of the layer and basement are given in Table II, columns

3 and 4. The layer sound speed is slightly higher than the

water sound speed, and the basement sound speed is signifi-

cantly higher than both. The high contrast between the layer

and the basement leads to significant modal structure in the

flat interface plane wave reflection coefficient. The same

roughness parameters are used, as for the halfspace case.

The small slope approximation for layered, fluid seafloors

(Jackson and Olson, 2020) was used as a model for the

coherent reflection coefficient and scattering cross section,

and the series approximation of Olson (2021) was used to

evaluate the large number of evaluations of the Kirchhoff

integral required by small slope. This model was shown to

be accurate for 1D roughness for kh up to 0.66 in (Olson and

Jackson, 2020), which exceeds the largest value used in this

work. Formulae for the flat interface reflection coefficient

for layered fluid media can be found in standard texts

(Brekhovskikh and Godin, 1990; Jensen et al., 2011).

As before, the flat interface, coherent, incoherent,

and total reflection coefficients are compared, and plotted in

Fig. 5. Similar to the halfspace case, the two smallest rough-

ness cases have virtually identical flat, coherent, and total

reflection coefficients, while the incoherent contribution is

virtually zero. For kh¼ 0.3 and 0.5, the incoherent contribu-

tion becomes more important. For the kh ¼ 0.3 case, the flat

interface and total reflection coefficients are very close for

the majority of angular domain. Above about 70� grazing

angle, the flat interface coefficient is very small, and a null

occurs at about 80� grazing angle. Interestingly, the coherent

component is larger in magnitude than the flat interface

coefficient at this specific angle, especially in the kh¼ 0.5

case. The inclusion of the incoherent coefficient, which is

positive definite, only further increases the reflection coeffi-

cient and widens the disparity between the total and flat

interface coefficients. In Jackson and Olson (2020) and

Olson and Jackson (2020), this increase in the coherent

reflection coefficient near a minimum was interpreted to be

the result of a disruption to the perfectly destructive interfer-

ence due to the presence of roughness. The total reflection

coefficient is much different than the flat interface coeffi-

cient at these high angles and may impact geoacoustic inver-

sion if a flat interface model is assumed.

Including the effect of a directional noise field is pre-

sented next, using the measurement from (Clark, 2007) in

Fig. 3. As before, the omnidirectional total, directionally

weighted total, and flat interface bottom loss are presented

in Fig. 6. The most notable feature in this figure is the pro-

nounced peak in BL at 80�. The log-transformation used in

calculating BL enhances the difference between the flat and

total BL, especially when the magnitude of the reflection

coefficient is small. Even for the smallest roughness case,

there is a difference of about 10–20 dB between the flat and

both total BL curves. At other angles, the difference between

all three curves is smaller. For the two largest roughness

FIG. 3. Noise directivity used for numerical examples employing a direc-

tional noise incident field, taken from Clark (2007). Negative angles indi-

cate downgoing energy, and positive angles are upgoing. As this is a

measurement, it does not represent the true ambient noise directivity pattern

but includes the effect of array response.

FIG. 4. (Color online) Comparison of bottom loss for a halfspace computed

using the omnidirectional incident field, versus a directional noise field

taken from Clark (2007). The flat interface bottom loss is also plotted.
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cases, the directional total BL dips slightly below 0 dB at

very small angles, as for the halfspace case. If used with

inverse methods that employ a flat interface model [such as

Quijano et al. (2012)], these differences between the total

and flat reflection coefficients may result in an inaccurate

estimate of geoacoustic parameters if significant roughness

is present.

V. SIMULATED INVERSIONS

In Sec. IV, it was shown that the presence of roughness

has a noticeable impact on the measured passive reflection

coefficient. However, it is important to understand the

effects of roughness on inverse methods. First, a flat inter-

face model is fit to simulated data in order to simulate the

effect of ignoring roughness (an assumption in all previous

literature on inversions using ambient sound and most previ-

ous literature using active sources). Second, an inversion for

both roughness and geoacoustic properties is performed to

demonstrate the feasibility of this model for future inver-

sions using ambient sound measurements collected in the

field.

A. Effect of roughness on geoacoustic inversion
errors

Given the differences observed between the total reflec-

tion coefficient and the flat interface coefficient, it is impor-

tant to inquire about the effect of roughness on geoacoustic

inversion. To that end, in this subsection, the total reflection

coefficient (both omnidirectional, and directional) for the

layered case is used as synthetic data and a flat interface

model is fit to bottom loss. The synthetic data is unrealistic

for an experimental situation, in that no uncertainty (due to a

finite number of averages snapshots) or noncoherent noise

(such as flow or thermal noise) is present. However, this

analysis illustrates the effect that scattering may have

on passive geoacoustic inversion when inappropriate

FIG. 5. (Color online) For the layered

seafloor, the coherent, incoherent,

total, and flat-interface reflection coef-

ficients are compared. Four different

roughness parameters are used, and an

omnidirectional incident noise field

was assumed.

FIG. 6. (Color online) Comparison of bottom loss for a layered seafloor

computed using the omnidirectional incident field, versus a directional

noise field taken from Clark (2007). The flat interface bottom loss is also

plotted.
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assumptions are made. For ambient noise inverse methods,

many frequencies are used, which reduces the ambiguity and

increases the information content compared to a single fre-

quency. For this reason, this simulated flat interface inver-

sion is performed at two frequencies, namely, 2473 and

3000 Hz.

The flat interface model parameters are estimated using

a bounded version of the Nelder-Mead downhill simplex

optimization (Nelder and Mead, 1965). The downhill sim-

plex algorithm is an unbounded method (i.e., no constraints

on the parameters), but a constrained version can be imple-

mented by using a coordinate transformation to a domain

where the objective function is periodic. After the optimiza-

tion is finished, the parameters are mapped back to the origi-

nal parameter space. Each parameter wi is constrained to an

interval ½ai; bi�, where ai is the lower bound for the parame-

ter index i and bi is the corresponding upper bound. The

constraints are implemented by transforming each bounded

variable, wi to ui, which are related by the following two

equations (D’Errico, 2022):

ui ¼ sin�1 2ðwi � aiÞ
bi � ai

� 1

� �
; (27)

wi ¼
sin ðuiÞ þ 1

2
bi � aið Þ þ ai: (28)

The lower and upper bounds for each of the geoacoustic

parameters and layer thickness are given in the first four

rows of Table III.

The cost function was the sum of squares residual

between the total (i.e., simulated data), and flat-interface

(i.e., model) bottom loss, which is commonly used in other

geoacoustic inversion methods (Dettmer and Dosso, 2012;

Quijano et al., 2012). Since this method is subject to becom-

ing stuck in local minima, many starting parameters are

used, about 6000. The starting locations were randomly

drawn from a uniform distribution with support determined

by the bounds given in Table III. Only angles between 10�

and 90� grazing angle were used in the fit, given that the flat

interface model cannot fit negative BL. The angular domain

was sampled at 1� increments.

A comparison of the total BL (both omni and direction-

ally weighted) to the flat interface fit is shown in Fig. 7, at

both frequencies (2473 Hz in the left column and 3000 in

the right column). Since the kh values are different for each

frequency, the specific values have been displayed in the

subplots. The directional and omnidirectional input data

(total reflection coefficients are shown in solid lines of dif-

ferent colors, and the model fits are shown in dashed lines of

different colors—specified in the figure legend. Overall, a

good fit is obtained using a flat interface model, apart from

several isolated locations. Near the peaks in bottom loss

(grazing angles of 25� and 45�) the flat interface model does

not provide a good fit. In the smaller roughness cases, virtu-

ally perfect agreement is found between the best fit flat

interface model, and the total omnidirectional reflection

coefficient. For the directive total reflection coefficient, the

flat interface model does not provide as good of a fit for the

two smallest roughness cases.

Even if a good fit can be found, the best fit parameters

may not be the same as the inputs. The error compared to

the input is shown in Fig. 8 for each parameter. In each sub-

figure, the percent error of a given parameter of the flat

interface model is shown as a function of kh on the horizon-

tal axis. For all parameters except for the layer thickness,

four parameters are plotted—two for the layer and half-

space, each estimated from the omnidirectional and direc-

tional datasets. Also, shown is a fit of the flat interface

model to a flat interface simulated data, these results are

listed as kh¼ 0. Note that only omnidirectional results are

shown for kh¼ 0, since there is no incoherent contribution,

regardless of the noise directivity. Essentially perfect fit is

found to the flat interface model for all parameters.

In general, the error increases with kh. The trends for

the parameters are not monotonic, but the absolute value of

error typically increases with increasing kh. The estimated

layer thickness and layer sound speed are quite consistent

with the inputs, with a maximum error of only a few per-

cent. The basement sound speed, on the other had has a

large error for large kh. Since the layer properties together

with the acoustic frequency determine the locations of max-

ima and minima of the interference pattern in the reflection

coefficient, it is sensible that the layer thickness and sound

speed are not too much altered by the presence of scattering.

Although the height of the peaks and troughs in BL (see Fig. 7)

are altered in the presence of roughness, their locations in angle

are preserved.

Density, on the other hand has large errors compared to

the input geoacoustic parameters, even for moderate values

of the rms roughness. This error exists because the ampli-

tudes of the reflection coefficient fringes are affected by

density, but not the location of the interference fringes.1

Attenuation estimates also have large errors. Like with den-

sity, the strength of the peaks and nulls are highly dependent

on the attenuation coefficient of the layer and basement,

even more so than density, since a strongly attenuating layer

can suppress interference in the layer. That is, with signifi-

cant attenuation, perfect cancellation becomes impossible.

Since the presence of roughness can cause a reduction in the

coherent reflection coefficient and decrease the high BL
peaks due to incoherent scattering, an altered attenuation

parameter may provide a good fit, as evidenced by the good

match in Fig. 7. Since the high BL regions are the most dis-

torted in the total reflection coefficient, it is reasonable that

the inversion converged on significantly different attenua-

tion parameters. In the geoacoustic literature, attenuation for

all layers, as well as basement properties in general has

been demonstrated to be difficult to estimate in both experi-

ments (Belcourt et al., 2020; Holland et al., 2012) and simu-

lations (Dettmer et al., 2007, 2009, 2010). Use of an

inappropriate model may be a contributor to high uncertain-

ties in experimental data, but a controlled experiment with

ground truth is needed to make a more definitive

conclusion.
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B. Joint roughness and geoacoustic inversion

In Sec. V A it was demonstrated that using an inappro-

priate model can lead to errors in modestly rough seafloors.

In this section, roughness parameters have been included in

the inversion to demonstrate that this model has potential

for inversion of at-sea field data. Both simulated data and

the forward model for the inversion are computed using the

model developed in Sec. III. Again, two frequencies are

used in the inversion, 2473 and 3000 Hz, but only an omni-

directional incident noise field is used, due to computational

complexity of the model. The bounded downhill simplex

with the same parameter bounds was used here as well.

Bounds for geoacoustic parameters are listed in the first four

rows of Table III (and are the same as Sec. V A), and the

last two rows represent the bounds on the roughness param-

eters. Since h and K0 can vary over several orders of magni-

tude, the search space is performed on the base-ten

logarithm of these parameters and converted back after the

search is finished. The inversions were performed for the

four different roughness parameters found in Table I, as

before.

The total number of parameters is 9, and the forward

model is much more computationally expensive than for the

flat interface model. Therefore, only 136 randomly chosen

starting locations were used, and a tolerance on the parameters

was set to 10�2 and used as the termination criterion. Parallel

processing was used to perform each of these searches inde-

pendently. After the search was completed, the run with the

smallest error in bottom loss was used as the tarting location in

a refined downhill simplex run where the tolerance criterion

for each parameter was reduced to 10�4. The initial inversions

TABLE III. Parameter bounds for flat interface inverse model.

Symbol [Unit] Lower Upper

� [—] 0.9 2.5

aq [—] 1.4 3

a [dB/m/kHz] 0.001 1

d [m] 0.1 3

h [m] 10�3 10�1

K0 [m�1] 10�3 101

FIG. 7. (Color online) Comparison of total bottom loss compared to an inversion using a flat interface. Both omnidirectional noise and directional noise

from Clark (2007) are shown. Two frequencies are shown: 2473 Hz in the left column and 3000 Hz in the right column.
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are referred to as the “coarse” estimates, and the latter as the

“refined.”

A summary of the terminal objective function values is

given in Fig. 9. The terminal bottom loss error (mean square

difference) is plotted against the maximum absolute error in

parameter for each inversion run. Both coarse and refined

estimates are shown. This figure gives an idea of how sensi-

tive the incoherent bottom loss is to the parameters, which

informs whether it is a good metric. The coarse estimates

(with tolerance of 10�2) are plotted as circles, the best

coarse fit is marked with an X, and the triangles represent

the refined estimate. Both axes are log-scaled. Apart from

some fluctuations, the error in BL is highly correlated to the

error in the parameters, indicating that the joint roughness

and geoacoustic cost function is sensitive to the parameters.

Power low behavior was observed between the two error

metrics. Interestingly, the highest kh case has the most linear

dependence of all the parameters, and relatively little fluctu-

ation around this trend. The smallest kh case has much more

scatter between the BL error and parameter error, indicating

that for small values of kh, bottom loss is less sensitive to

errors in the parameter than at larger values of kh. This vari-

ation in sensitivity with kh makes sense because for small

values of kh the BL curve tends to the flat-interface result.

Next, the best fit bottom loss curves for both frequencies

is plotted for each value of kh in Fig. 10. On the left column,

the results at 2473 Hz are shown and the 3000 Hz results are

shown on the right column. Only the largest three values of

kh are shown and are different for each frequency. The BL

resulting from the coarse inversion are shown in light gray,

along with the input data, and refined results in black and

dotted red respectively. Overall, the refined inversions match

the input quite well. The coarse results are much more vari-

able, with some of them matching the shape of the input

curve well, and some missing the mark by a wide margin.

This large degree of variability indicates that the parameter

FIG. 8. (Color online) Best fit parame-

ter mis-fit compared to the true param-

eters. Parameters for both

omnidirectional and directional noise

spectra are shown, and for both the

layer and basement. In general, as the

roughness increases, the inverted

parameters are increasingly biased,

compared to the true parameters. Note

that no directional results are shown

for kh¼ 0, since there is no incoherent

contribution in that case.

FIG. 9. (Color online) A scatterplot of the error in bottom loss (the cost

function used for the inversion) versus the maximum absolute error over all

9 parameters. Each circle represents the termination of the coarse inversion

with an X marking the best coarse fit. The trigangles represent the termina-

tion of the refined inversion.
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space likely has multiple local minima in the objective func-

tion and underscores the necessity for a thorough search of

the parameter space (achieved through the random starting

locations in this work). Future work using Bayesian estimates

of the posterior probability distributions is needed to help

elucidate the parameter space interdependencies, and correla-

tions for these inversions.

A summary of the error of the refined estimates is pre-

sented in Table IV. For this noise free simulated inversion, the

errors are quite low for the majority of the parameters, espe-

cially the layer thickness, d, and the sound speed ratios of the

layer and basement, �. Since these two parameters are related

to the location of the troughs and peaks in the BL vs angle

curve, it makes sense that they have low error. Basement

attenuation, a has a higher error, likely because bottom loss is

relatively insensitive to this parameter (as discussed in

Sec. V A). The rms roughness, h has a small error, but not as

small as the layer thickness or sound speed ratios. The error

for the outer scale parameter, K0, is one to two orders of mag-

nitude greater than that for h, making it the least resolved

parameter in this simulation. The maximum parameter error

vs bottom loss error plotted in Fig. 9 is driven primarily by

this parameter, since it has the largest error. For kh¼ 0.1 the

error in K0 is about 1% but is about 1/100th the value for

kh¼ 0.5. This strong dependence on kh is because the small

rms roughness cases are not too different from the flat inter-

face model, as shown in Fig. 5, and the large rms roughness

causes a significant departure. Note that the errors in the geoa-

coustic parameters for all cases are lower than their corre-

sponding error when a flat interface model is used (Fig. 8).

FIG. 10. (Color online) A scatterplot of the error in bottom loss (the cost function used for the inversion) versus the maximum absolute error over all nine

parameters. Each point represents the termination of the 136 random start from the coarse inversion, and the results of the refined inversion.
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For the two roughness parameters, the rms height has

by far the larger effect on the bottom loss and the outer scale

has the smaller effect. This dependence is illustrated graphi-

cally in Fig. 11. In this figure, bottom loss for the kh¼ 0.5

parameter set is plotted as a black dashed line, and both h
and K0 are independently varied using logarithmic spacing.

For the 2473 Hz case, kh ranges between 0.2 and 0.79 and

K0=k ranges between 0.02 and 2. Both cases produce

approximately the same variations in BL, but require much

greater variation to produces these changes, two orders of

magnitude for K0, and a factor of 4 for h (approximately

1/6th of an order of magnitude).

VI. CONCLUSION

In this work, a simple model for the effect of roughness

on passive measurements of the total intensity reflection

coefficient was derived. The assumptions of this model are

an isovelocity sound speed profile, a perfectly diffuse sur-

face noise field, and stationary Gaussian seafloor roughness.

Examples were given for a halfspace with a critical angle,

and a layered seafloor. It was demonstrated that significant

errors in the inverted parameters result when fitting a flat

TABLE IV. Parameter errors for refined joint roughness and geoacoustic

inversion. Errors are expressed in percent errors relative to the input

parameter.

Name % Err(kh¼ 0.5) % Err(kh¼ 0.3) % Err(kh¼ 0.1)

d 1.68e�05 6.01e�04 �2.32e�04

h �2.20e�03 �3.88e�03 �2.09e�02

K0 3.15e�02 2.13e�01 1.06eþ 00

� (layer) 7.06e�05 1.19e�04 �1.85e�04

� (basement) �1.00e�04 8.59e�05 7.46e-03

aq (layer) �2.69e�03 �5.09e�03 �3.95e�03

aq (basement) �1.04e�03 1.20e�02 �9.90e�03

a (layer) 1.04e�03 �4.24e�03 �1.72e�03

a (basement) �6.36e�02 �6.67e�03 �2.13e�01

FIG. 11. (Color online) Comparison of

the effect of perturbing h and K0 inde-

pendently on BL versus grazing angle

for the two frequencies used in this

section. To obtain the same deviations

in the BL curves, much greater varia-

tions in K0 are needed compared to h.

In (a) the frequency is 2473 and h is

varied. In (b) the frequency is 3000 Hz

and h is varied. In (c), the frequency is

2473 and K0 is varied. In (d) the fre-

quency is 3000 Hz and K0 is varied.
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interface model to data simulated from a rough seafloor.

When using the proposed model both as simulated data,

and the forward model in a joint roughness and geoacoustic

inversion, it was demonstrated that the roughness and geoa-

coustic parameters can be recovered.

To compare with real measurements, a fruitful area for

future work would be to adapt this scattering model to vari-

able sound speed profiles with nonzero attenuation coeffi-

cients. Additionally, taking into account the characteristics

of a given array should be performed when comparing to

any field measurements collected at sea. The simple joint

inversion of roughness and geoacoustic parameters gives

credence that this model is sensitive to both of the roughness

parameter Another area for future work would be to use

Bayesian techniques to examine parameter correlations

between roughness and geoacoustic properties. The func-

tional form of the total incoherent reflection coefficient also

has some similarity to analytic expressions that account for

non-coherent ambient sound. Since scattering by roughness

is in fact a source of non-coherent sound (e.g., flow or ther-

mal noise), a study on the relative effects of surface noise

scattered by the bottom, and noncoherent sound should be

carried out.
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